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PREFATORY NOTE 

The authors have endeavored to present the essential parts 
of trigonomotrj" in a form adapted to practical applications. 
They have had In mind particularly the requirements of 
schools of technology. In high-school courses it is recom- 
mended that the chapters and sections marked with a star 
be omitted. 

Most of the problems and numerical exercises are new. 
The answers have been purposely omitted in some cases in 
the solution of triangles, in the belief that the student 
should be given considerable practice in the use of the 
check formulas. 

In the preparation of the book the authors have freely 
consulted standai'd works on the subject. They are also 
indebted to Dr. H. Y. Benedict of the University of Texas, 
and to Dr. W. H. Bruce of the Denton Normal Institute, 
Denton, Texas, for many valuable suggestions. 



October, 1002, 



THOMAS U. TATLOE, 
CHARLES PURYEAK. 
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PLANE TRIG OXOMETRY 



TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE 

1. Definition. The six parts of a triangle aru tin' thi'<'i.' 
aides and the three angles. In a plane triangle, if any three 
parts be given, provicled at least one of them he a side, the 
remaining paits can be computed. Finding the unknown 
parts is called solvint; the triangle. 

Plane triffonowMiy is, primarily, that branch of mathe- 
matics ■which lias for its object the solution of plane tri- 
angles. In the extended sense in ivhich the term is now 
used, it includes also the investigation of the relations of 
aiigular magnitudes in general. 

2. Functions, Suppose y = 5x^ ~ 2x + 3. Then it is 
evident that the value of y depends upon that of x. Thus, 
if a; = 3, J/ = 45 - C -t- 3 = 42 ; if r = 1, y = C,; if a: z= 0, 
y = 3. When one quantity is ko connected witli another that 
the value of the one- depends upon the value of the other, 
the one is said to be a functiini of the other, hi the above 
equation, 5/ is a function of 3-. ^, y 

3. Trigonometric Functions of an 
Acute Angle. Let MAN (Fig. 1) 
be any acute angle. From any 
point, B, in one of tlie sides draw 
BC perpendicular to the other side, 
forming the right triangle ACB. LcL 
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2 PLAN*; 'I'RIGO.XOSiBTKY 

the sides of this triangle two and two, we can form the six ratios 
EC AC BG AC AB AB ,^^ , . ,, ^. , 

ab' ab' 7c' -Bd' Id' W ^^^ ^"^"^^ °^ ^^'^ '^'"'' ^'^ 
not depend upon the lengths of the sides of the triangle in 
which they occur; for, if any other point in AN, as B', be 
taken, the triangle AC'S' is similar to the ti'iangle ACB, and 

B'C BC AC AC ^ ^ , ,, 

we have - — 7 = — -1 —~, = — ' etc., since homologous sides 

AB' AB AB' AB 
of similar triangles are proportional. But if A be made to 
vary, these ratios will change in value, since the triangles 
corresponding to different values of A are not similar to the 
triangle ACB considered above. These six ratios depend, 
therefore, for their values upon the value of A. They are, 
accordingly, functions of A and are called the trigonometric 
functions of the angle A. 

The trigunometnc functions form an important class of 
functions, and an exhaustive study of them is essential in 
higher mathematics 

4 Names of the Trigonometric Functions. Let A CB (Kig. 2) 
be a light triangle The trigonometric functions of either of 
its acute angles are named as follows : 

The sine is the ratio of the opposite 
-' 1 side to the hypotenuse ; 

^^'^ j" The cosine is the ratio of the adjacent 

^-i:— — —I, side to the hypotenuse ; 

The tangent is tJie ratio of the oppo- 
site side to the adjacent side ; 
The cotangent is the ratio of the adjacent side to the oppo- 
site side ; 
The secant is the ratio of the hypotenuse to the adjacent 

side; 
The cosecant is the ratio of the iiypotenuse .to the opposite 
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these definitions to tlio angle A, atq 1 

BC 

sme of the angle ^1 is — -; 



cosecant '■ '■ '■ " -rr— ■ 

"Sine of the angle A," "cosine of the angle A " are usually 
wribten siw J, COS ^; similar abbreviations being used for the 
other functions. 

Then, denoting the sides of the triangle by a, b, c, as indi- 
cated in the figure, the dofinitions for the angle A take the form 

a h 

sin A — -' cot -') = - ) 



It should be noted that each of these functions, being the 
ratio of the length of one line to that of another, is a number. 

Two other functions are defined as follows : The versed sine 
of an angle equals unity minus it^ cosine ; the ooversed sine is 
unity minus the sine. Thus, 
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Applying the above defiiiitiDiis to tlip ;ui|^'le />'. wi- 



COS II = 

tan B = 



ni: = 1 - - 



The angles J and B arc c'lii'.pfemenix of each otliei', 
comparing tlieir functions we see that 



That is, the sine of an angle equals the cosine of If.-i rompli'- 
menf ; the cosine of an angle equals the sine of its rnnriilemevt ; 
with similar relations for the other functiowK. 

Let the student state them. 

All these relations are comprised in the general statement : 
Any function of an acute angh> equals the rofuvJ.iov of its 
complement. 

5. Kelations between the Functions. Formulas. From the 
definitions in Sec. 4 we see that sin A and esc A are reciprocals 
of each other, or 



(1) 



(2) 
(3) 
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EXERCISES 
1. If tlie sine of an angle is f, what is its cosei'imt ':■ 
3. If tan A ~ ^, what is the value of cot A? 
a. ti-iven seo A = <}, required cos A. 

6. from the definitions in Sec. -i we have, also, 



= ^ = e„tJ, 



Forjaula (4) may be read : the sine of an angle divided by 
its cosine equals its tangent; or, briefly, sine dialded hy cosine 
eqiials tangent. 

Express loniiula (S) in a similar way. 

7. Fvoni the right triangle A CB (Fig. 2) we have, by 
geometry, 



Dividing eaeli membei' of this equation by i 

©HO-' 

T (sin -4)'-^ + (cos Ay = 1, 

ir, as it is usually written, 
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Again, flividing each member of tlie above equation by fl-, 
ve have 



(0-KO'' 



ov 1 +tan2A^ sec' A, (7) 

In the smue eqxiation divide by a^ and prove, also, 

1 + cot'A=:csc''A. (8) 

As we have seen, sin .4 is a number j sin^yl means the 

square of that number. 

Formula (6) may be read : the sQuare of the sine of an 

angle ^ilua the square of its cosine equals I; or, briefly, sine 

square plus cosine square equals 1. 



EXERCISES 

1. Given cos A = \}, find sin A hy formula ((i). 

2. If sin A^^, find tan A by formulas (6) and (4) ; use 
your result to iind aec A by formula (7). 

3. If sec A = V-, find tan -■!■ 

4. Write down formulas (1) to (8) from memory and give 
the proof for each. 

Functions of 45°, 60", 30°. The numerical values of the 
functions of 45°, 60°, 30° can readily be 

To find the functions of 45°, construct 
a right angle, C, and, adopting any con- 
venient unit, set off CA = CB = 1. 

Then, .-1 = 45°, ^IB = V2. why? 

Therefore, 
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^2 



:]. 



sec 45° = —~— = V:^, 
15° ^VU. 



To iiiid. the functions of (>0° and 3U°, couatriiut ; 
lateral triangle, ABC (Fig. 4), hav- 
ing ea«h side equal to 2. Then 
each of its angles equals 60°. Draw 
BB perpendicular to A C. By geom- 
etry AD ^ 1, and BD^ = Zb* — 115', 
from which BD — VS. Then, from 
the right triangle ,1 DB, since 
ZA =60°, 




Min 60° 


= "V3 






cut.lJO° = 


^'ti 


cos 60° 


! 






sec 60° = 


?. 


tan 60° 


= V3, 






CSC 60° = 


^ 


Again, BD bisects thf 


angle . 


BC 


VI.J-:], giv 


ii;,' 


and we have 




Z..\BO 


= 30 






sin 30° 


] 






cot 30° = 


^3, 


cos 30° 


- 2 






sec 30° = 


V3 


i;an 30° 


_ 1 






CSC 30° ^- 


2, 
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EXERCISES 



1. Deduce the values o£ the functions of 40° by usius,' a 
light triangle having each leg equal to a. 

2. Construct an equilateral triangle having each side equal 
to a,, draw the pei-pendienlai* as io ITig. 4, and find the func- 
tions of 60° and 30°. 

3. Vei-ify formulas (1) to (8) for the angles 45°, CO", 30°. 
Thus, making A ~ 60°, (6) becomes sin^ 60° + cos^ 60° = 1. 

Substituting the values found in this section, 

which verifies formula (6) for the angle 60°. 

9. If one of the functions of an acute angle be given, the 
angle can be constructed, and the remain- 
' ing functions can be found. 'For example, 
t it be required to construct the acute 
e which has J for its sine. Construct 
the right triangle ACB (Fig. 5), having 
■ BC = S, AB^T). 
How is this (lone? 
Then Z A is the required angle, for sin ,[ = g. 
To find the remaining functions, we have AC =25 — 9, or 
A C — 4. Therefore, 

uos,l — ^, tan.l = ^, cot.l=-3, secyl = -^, esc.-li;^-!;. 
The same results could have been obtained by using for BV 
and AB any two numbers proportional to 3 and 5. 

Try li iilid 10. 

EXERCISES 

Construct the angle -1 and find the remaining functions, 
having given : 
1. cos,^— A. 2. csc.l=y. ;5. taii.I=--- 1. cot.l=/.,. 
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MISCELLANEOUS EXERCISES 
1. Pnivu ^^"^ = lani. 

3. I'ravc («Li\ * + cos a;)^ + («iii x ~ cos i)'^ = a. 

4. Whidi is greater, sin 42° or COB 42"? tau r,i° ur ci>t 54"? 

6. Givun secjl = J, flnd the remaining functions by formulas (1) 

to (R). 

6. Given tan^'i = i\, iiiiil Uii: rciiiLiiiiiug functions by fornniUs (1] 
to (HI. 

7. Givun tan A = t = > fiiiil Ihi! remaining fnuctiona. 

'ind thi; alLituiIu by 

9, Tlici liypotenuHB of a riglit trlauglo is 26 and one angle ia :'A)'^. Fiml 
the length of each leg, correct to four places of deciinals. 

10. In a right triangle one angle 'm 00" and the opposite aide ia 8. ITind 
the other leg and the liypotenuae. 
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CHAFTEU 11 
LOGAKITHMS 

10. If a' = ■';, t!ie vxpoiimt x is railed ttm loi/'u-ithm of n 
to the base a. 

So in the equation 7* = 343, the exponent 3 is the logaiithm 
of 343 to the base 7. 

Definition. With reference to any base, the logarithm of a 
number is the exponent of the power to which the base m,ust he 
raised to produce- the given number. 

To ask, What is the logarithm of 1296 to the base 6 ? is the 
same as to ask. To what powev must the base 6 be raised in 
order to produce 1296 ? 

The equation a" = n is said to be in the exponential form ; 
such an equation can always be written in the equivalent 
logaHthmia foi-m logo ft = ^' which is read : lo<jarithm of n to 
the base a equals x. 

Any positive number except 1 may be used as the ba.se of a 
system of logarithms. 



1. The base being 4, what are the logarithms of the follow- 
ing numbei-s ? 64, 1024, 4096, 2. 

2. What are the values of the following '! log^ 625, logs 81, 
log, 49, logo 729. 

3. Express the following equations in the logarithmic form : 
8= = 512, 2^ = 32, 10= == 1000, 10"= = 0.001, 10^ = 10, 10" = 1, 
10S.5S463 ^ 3353^ c'^p, if-^ = q. 

4. Express the following in the exponential form ; 
logo21C = 6, loge81 = 2, log,m = y, 

log,,;"/ = y + ::, log,,10000 = -J, log,„326 = 2.51322. 
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11. Laws of Exponents, Properties of Logarithms. Simie 
logarltlivi.'i are exponents, it may be n"ell to veyall the laws of 
expoaents aM given in algebra. 

We have, for all values of a, j;, /j, vtr.. 



(<•")''=«". 




(«')' = «>^i 




,.• = ■5';, 




((* = v?" ■ 




«-' - Vo^ = { ^Tty, 


tliu 


s u'^^^V'-- 


= i^,f 


,.- = 1, th„» 




-.-. - ■'■ ■ 




and, for any value of ". except 0, 








a" = 1, thus 




13" = i. 





I'rom these laws aro rlorived the following propeitieH of 
Ic^arithms ; 

(a) The logarithm, of the product of two nuiitbers equrih the 
logarithm of the first plvs the logarithm of the second. 

For example, log 33 = log "> + log 11. 

Proof. Let a be the l^ase and m and n, the two nunibei's, and 

let 

log„v?t - ./■, 

and log„H. = ij. 

Then, by Sec. 10, «■' = m. 

a" = 11. 



By multiplication, 

Therefore, by See. 10, log„wiit = j' 4- 
For 3" and y substii:ute their values, ! 

tog„?)j" = log„w + 1( 



y Google 



12 I'LAXK TR1G0.V()M1:TKY 

Corollary. The logarithm of the continued product of any 
number of factors equals the sum of their logarithms. 

Thus, let Jit = cd. 

Then, log w/« = \og mn = log w + logw = log (erf) + log it 
= log c + log d + log M. 

(b) The lo'jarithiii of a, fraction equals the logwrithvi. of the 
numerator minus the loganthm of the denominator. 

Thus, log V- = 5"? 1''' ~ 5og fl. 

Proof. Denote tlic friictiou by ~ ami let 

and log„" = y- 

Then, a^ = m, 

and a« ^ n. 

'I'hereFore, by Set-, 10, log,, -- = x — y, 

(e) The logarithm of a power of a number equals the loya- 
rithm, of the number •multiplied by the exponent of the poieer. 

Thus, log 23" = 5 log 23. 

Proof. Let n be the number and p the exponent of the 
power, and let 

log„ >. = .;. 

Then, w' = n. 

Raising each member of this equation to the power ji, 

Therefore, loga''" =px, 

or, substituting for x its value, 

log„y(" =y-log„/(. 
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(d)' The liigarithiii if n root of a number eqiuds the, loija- 
rifhm, of the- number divided hy the index of the root. 
_log3flB3 



Thus, logV3963: 

Proof. Let )'- be the number and i- the indox oE the root. 
■ Then, log„Vft = log;„«' — -log.,ii = — ^■ 

(e) Since a^ — a, the logarithm oi: the base is iinitj-, 

(f) Since a" = 1, the logarithm of ] is 0. 

(g) If c.>l, 0-" = 4 = ^^0. .■Ao^O^-m m ai 
system in which the base is greater th;iii "i. 



Given log 2 = 0.30103, log 3 = 0.47712, log 7 = O.R4olO, find 
the logarithms of the following numbers; 

6, 18, 32, 192, J-p, ^-, 7S S6», Vl26, ^(iSC, v'is'C. 

13 Common System of Logarithms. The common system of 
Icgiiithms IS tliit in whiih the b^e is 10. When no base is 
nidicited, it 1 
com mo 
ot 10 



t IS undeistofd to be 


10. 


It is easy to find the 


gaiithms of 


numbers whi 


eh are integral powers 


10°=:=1. 






.-.logl =0. 


10' = 10. 






■ ■.log 10 =1. 


10* = 100. 






.■.log 100 =2. 


10== 1000. 






.-.logimiO =3. 


10' = 10000 






.■.log 10000 =4. 


!0-' = ,V 


= 0,1. 




.-.log 0.1 =-1. 


10-= -tU 


= 0.01. 




.-.log 0.01 =.-2. 


-0-= = T.W 


= 0.001. 




.-.log 0.001 = -.'!. 


0-'=^,^h^ 


= 0.0001. 




.-. Jog 0,0001 = - -i. 
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14 PLANE TRIGOXOMETEY 

Consider next the number 257. It lies between 100 and 
1000. The logarithm of 257, therefore, lies between 2 and 3. 
By methods explained in algebra it is found to be, approx- 
imately, 2.40993. Similarly, the logarithm of any positive 
miniber consists of a whole number plus a decimal. The 
whole number is called the characteristic, and the decimal 
part is called the mantissa. 

Table I in the Appendix gives the nnantissas of the loga- 
rithms of numbers frojn 1 to 10000. It is not necessary to 
give the characteristics in the table, for they may be found by 
inspection, as follows : Consider any positive number that 
has, say, three digits to the left of the decimal point, 
457.62 for example. . It lies between 100 and 1000; its loga- 
rithm, therefore, is greater than 2 and less than 3. Hence, 
log 457.62 = 3 + a decimal, and the characteristic is 2. 

So any number that has four digits to the left of the deci- 
mal point, as 5687.037, lies between 1000 and 10,000; its 
logarithm is therefore greater than 3 and less than 4. Hence, 
log 5687.037 = 3 + a decimal, and the characteristic is 3. 

Pop numbers greater than 1, therefore, Tve see that the char- 
acteristic is positive and 1 less than the number of digits to 
the left of the decimal point. 

Any positive number less than 1 may be expressed, exactly 
or approximately, as a decimal, and the characteristic of its 
logarithm determined as follows : Consider the decimal 0.0068. 
It is greater than 0.001 and less than 0.01. The logarithm of 
0.001 is - 3, and the logarithm of 0.01 is - 2. Hence, the 
logarithm of 0.0068 is greater than — 3 and less than — 2 ; i.e., 

log O.OOGR = — 3 ji^Ha a decimal, 
or log 0.0068 = - 2 iidnm a decimal. 

It will be found convenient to adopt the iirst form, 
the decimal part of the logarithm always positive. 
Hence, the characteristic of log 0.0068 is - 3. 
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Similarly, 0.0007 is greater than 0.0001 and less than 0.001 ; 
and since 

log 0.0001 = - I, 

!).nd log 0.001 - - 3, 

it follows tlint log 0.0007 is greater than — 4 and less than 

— 3. Hence, 

log 0.0007 = - 4 plus a decimal ; 

the characteristic is therefore — 4. 

We see, then, that if a number is entirely decimal, the 
liharaoteristio is negative, and numerically 1 greater than the 
number of ciphers immedmt&ly foUotoing the decimal point. 

EXERCISE 
Determine the characteristic of the logarithm of each oi' 
the following numbers : 3C8, 42, 4687, rt238.G4, 23.1, 13.42, 
6.342, 0.0063, 0.0008, 0.81, 0.43. 

N"exfc, suppose that the mantissa of the logarithm oi' 2681 is 
given to be .42830 ; by the rule the characteristic is '■'•■ 
.-.log 2681 = 3.42830. 
Suppose the mantissa of the logarithm of 0.0634 is given to 
be .80209; by the rule the characteristic is — 2. Then -k-b 
have, keeping the mantissa positive, 

!og0.0634=-2 4-.80209, 
or, more compactly, 

log 0.0634 =^2.80209, 
where the minus sign applies only to the characteristic. 

Instead of the negative characteristics, — 1, — 2, — 3, etc., 
it is often more convenient to write their equals, 9 — 10, 
S - 10, 7 _ 10, etc. Thus, 

log 0.634 = 1.80209 = 9,80209 - 10, 
log 0.0634 = 2.80209 = 8.80209 - 10, 
log 0.00634 = 3,80209 = 7.80209 - 10, 
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By inspeutioji y>! tliesu reHiilt.s it is seen t-liat ii' a nuiiibet ie 
entirely decimal, the chai'acterietic of ita logai'itlim may he 
found hy xiihtraetin^ the number of ciphers hivmediateli/ fol- 
lowini) the decimal jmiiit from 9 and aniiexin/j — 10 fn the 
result. 

13. Logarithms of Numbers having the Same Sequence of Digits. 
If two numbers have the sa/rae sequence of digits, i.e., if the^ 
differ only in the position of the decimal point, their logarithms 
have the same mantissas. 

Thus, log 26.834 and log 2683.4 have the same mantissa ; for 
2683.4 = 26.834 x 100. 

Therefore, by See. 11, (a), 

log 26S3.4 = log 26.834 + log 100 = log 26.834 + 2 ; 
and adding the ivhole number 2 to the logarithm of 26.834 
does not affect its mantissa. 

In general, if two numbers differ only in the position of the 
decimal point, the greater is equal to the less mnltiplied by 
10, 100, 1000, or some other integral power of 10. The loga- 
rithm of tbe greater, therefore, equals the logarithm of the 
less increased by 1, 2, 3, or some other whole Qiimber, and 
the addition of a whole number to the logarithm of the less 
does not affect ita mantissa. 

The statement that the mantissas are the same for all 
numl>ers differing only in the position of the decimal point 
is true only when the decimal part of eveiy logarithm is kept 
positive. For, if we consider the number .26834, which has 
the saine sequence of figures as 2683.4, we have 

log .20834 = 1.42868 = - 1 + .42868 = - .57132. 

In the last form the decimal pai't of the logarithm has not 
been kept positive, and does 7iot agree with tlie decimal part of 
log 2683.4. The operations of adding and subtracting loga^ 
rithms are also made simpler by keeping the decimal part 
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1. G-iveji log 326.82 = 2.51431, wiite down the iogavitliiiis 
of the Xollowing nmubers: 32682, 32.682, 3.2682, 0.32682, 
3268.2, 0.000326S2, 326820, 3268200. 

2. Write down three numljers, each greater thaji 1, and 
three numbers, each less than 1, such that their logarithms 
have the same mantissas as the logarithm of 5468. 

3. Make the decimal part positive in the following loga- 
rithms : - 2.36S23, - 1.21656, - 3.42857. Thns, 

- 2.36823 = - 2 - .36823 = -2-1 + 1- .36823 
= -S + .63177 = 3.63177. 

4. Makethedeeimalpartnegativeinthefollowing: 2.18734, 
1.21683, 3.46827. Thus, 

2.18734 = - 2 + .18734 = - 1.81266. 

5. r>et*rmine the base in each of the following cases-. 

log„^ = 1.25; log4 = 125; log.,^ = - 1.25. 

MISCELLAMEOUS EXERCISES 

Read tie esplaiiation of Table I in tlie Appendix, and tlieu use loga- 
rithms to perform tlie operations indicated in the foliowing e: 

, ^. ^ .^ , , 1368.34 -x 207 
1. Fmd the vame 01 

„ , ,. -, 1.S08.34 X 207 
Solution. Let x ~ — 

Then, Ijy Skc. 11, (a) and (b)t 



= log 1308.34 + Iug2(i7 - 

!o!!; 1398.34 = 3.13820 

log 207 = Mieui 

G.C0271 

log 836 = 2.92169 

log3; = 2.64102 

» = 4.57.r>4. 
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9. I'ind tlio ruhie of - 



IS. 18 X 27s 






log 1760 = 3.24551 


15 


i!jlog86834 = 0.3292& 
3.57170 




2.35523 
logi = 1.21958 




X = 11.578. 





(loel(l.l3 + -jlog27). 



log lO.iy = 1.28171 

I log 27 ^ 1.07352 

2.35523 



3. yind U 



e otx fi-Diii the equatioi 



■iV/f 



Solution. "We have log x = log 183 - log 3687. 
The sulatrahend iii this ease being greater tlian the iiiiiiuend, 
10 to the logarithm of 183 and subtract 10 from it, in order lo i 
negative mantissa, writing 

log 188 = ia.26245 - 10 
lo(c3687 = 3.56667 

loga:= 8.69578^10 



(! value of the 7tli n 



Sotutiun. Let 



Here sve add and subtract 60 in order tijat the quotient obtained by 
dividing the negative part of log 0.08688 by 7 may he 10. 
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LOGARITHMS 



7. 


0.82134 X 270 


0.69473 


8. 


0.01388 X (UT8)i 


9. 


VO.0688*. 


10. 


V 168343. 


11. 


256,8 X (m^ >c Vises 


186S X 23.12 


13. 


12.359 X 0.17954 


0.00238 


13. 


(8.17)' X (0.286)2 y- 530 


■^120847 


14. 


26843.9 X 0.0063 


187 X 684S2 


15. 


1B6 X 27924 x 0.00123. 


18. 


129S3 


1.3 X 1.8 x2.1 


17. 


rU?,. 




237 



Jns. 137.20. 

Ans. 9.6298, 

Ana. 326.3 

Am. 777. 3' 

Ana. 0.5847. 

Ans. 2.0298. 

Ans. 2.81 



Ans. 0.13204. 



Ans. 0.014109. 
-1)13. 0.00SS383. 



19. ■v'0.On63 X (53,61)5. 
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CHAPTER IIL 

SOLUTIOM OF BIGHT TRIANGLES 

14. A right triangle can be solved if, besides the right angle, 
any two parts be given, pi-ovided one of them be a side. 
Let the right triangle be ACB (Fig. 6). We have 

aba 
smA = ~> cos yl = ~ I tan A —y 

Since A + Ji =^ 90°, if eithei* ^ or £ be one of the given 
parts, the other acute angle is at once 
" known. 

We may, therefore, in any case select 
from the three equations above one whicli 
contains only one unknown quantity and. 
solve i'oi' that unknown. Then select 
anotlier which contains only one unknown qiuintity and solve 
as before. 



EXAMPLES 

1, Given A - 38° e = 187, to find J3, a, 
Solution. B = m°-A = ^,2". 

sinA = -, 
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SOLUTION OF KIGHT TRIANGLES 



log 187 = 
log Bin 







logic 


=.2.06118 
= 115.127. 


Wo Iiavc iilst 




h 

187 
6 


-^ COB 38°, 






log 6 


= log 187 + log . 






log 187 


= 2.27184 




log 


COB 38= . 


= 9.80663 - 10 



b = 147.3U, 
The accuiaoy of the work sliould be tested by Holving by other for- 
mulas, or by seeing whether tlie parte of the triangle as fouttd satisfy other 
relaUons which mast subsist if tie solution Ib correct. Any formula 
involving one or more of the required parts not used ia the solution may 
be used as a check formula. Thus, haTing used in the solution two of 
the three equations above, the- third may be used as a check formula. 



hen a and & ought 1 


^0 satisfy the relation tan A = ■ 
log tan .^ = log a - log b. 

log = 12.06118 - 10 

loRb= 2.16887 
■.logtau^ = 9,89231 -10 


^ from which 
6 


id from the table w 


e lind 





log tan ^ = logtau 28° = 9.89281 - 10. 
The two results agree. 
Another chack formula is a^ = <fi — b'\ 
V a3 = (c + 6)(.'-i). 

Applying logarithms, 2 log a = log (c + 6) + log (c — b) 
= log 334.357 + log39.ei43. 
log334,357 = 2.51421 
log39.643 = l.S98M 
31og« = 4.12237 
log a = 2.06118. 
This agrees with the value of log a as determined above. In some 
iases there may be a slight discrepancy, due to the fact that the Talues 
jiven in the tables are only approximately correct ; correct, that is, only 
IS far as live places of decimals. 
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2. Given A = 67°, l> = 148, to find B, a, e. 



-- = tMl (iT". 

.-. log a = log 148 + log ta 

logl48 = 2.1702« 

iRtaii 67° = 0.37215 

log(l = 2.54241 

™ = 348.e:, 



148 



log C03 67° = log 148- log c. 
log e = log 148 + log 00! 
log 148 = 12.17026-10 
log cos 67° = 9.59188 - 10 



GUc^s. sin A = --, a? = {r. + b) {c. - b). 
Apply tlifisa tests. 

3. Given a = 327, c = 578, to lind A, B, l>. 



log sin ^ = log 327 -log 578. 
log327 = 12.51455 -10 
log 578 = 



; 9,75282 - 10 
= 34" 27' 13". 
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SOLUTION OF RIGHT TRIANGLES 

log578 = ^.76163 
log cos 34° 27' 13" = e. 91623 - 10 
log6 = 2.67816 
6 = 47B.ei. 
Checks. taii4 = ", (j^ = (c + a) (c - a), or ft'' = y05 x 251, 
.-.2 log 6 -log 906 + log 251. 
log 905 =2.95665 
log251 = 2.38967 
2 log & = 5.35632 
ir lojifi ~ 2.67810, aa above. 

Ayply theotlierfc'sl. 

4. Given a =■- 'K', b = if 7, to find . I , /i, i: 



.-. lug tan -i = log 26 - log 37. 
log 26 = 11.41407 ~- 10 
log 37= 1.56820 
k>gtaii^= 9.84677 -10 
A ~ 35° 5' 44". 
B = 90° - .^ = 54" 54- 1 

.-. l"sn-logc = logsin.d, 

logc = loga — lug sin -1. 
log26 = 11.41497 ^10 
lug sin So" 5' 44" = 9.75962 - 10 
logc= 1.65535 



15. The solution may be effected iu any case, also, without 
the use of logarithms. 
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EXAMPLE 

= 200, to fiiul (f, l>, a. 



.-. a. = im X sin \ii°. 
I'ruTii tlio Table of Sines, we find 

sin32°^0.6201>. 

,-. a = 0.5290 X aOO, 
or a = 106.08. 

Also, 6 = 200 X cos32° = 'inn x 0.8480, 

or b = im.m. 

li = 'XP -A = 58°. 

EXERCISES 

Solve the following right triangles, checking tlie results 
when the answers are not given : 

1. Given a = 43, c - 58, to &aA A, B, h. 

Ans. A = 47° 50' 55", B = 42' II' 5", h = 38.924. 

2. Given a = 31, b = 98, to find A, li, t. 

Ans. A = 17° 33' 12", iJ - 62° 16' 48", « = 102.79. 

3. (Uven J = 30° 12', e = 288.6. 

_l«.s. £( - 145.173, h = 249.43. 

4. Given »; = 146.83, c - 197.14. 

J»s. .1 = 48° 8' 33", h = 13!. r,;-;. 

5. Given » = 0.1442, 6 = 0.1647. 

Ang. .1 =^ 41° 12' 14", i: = 0.2181M. 

6. Given A = 68° 23', a = 223.95. 

_4;i5. ?/ ^ 88.744, = 240.78. 

7. Given S = 168.92, e = 289.64. 

..|ii.5. £ = 35° 40' 3.:;", rt = 235.28. 
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(itir 



8. (iiveii Jl ^ Iji" 38', b = SS.lil. 

Aiis. c = 42.287, oi=l.S.llli. 
0. Given a = 42, c = 145, 

Ans. A ^ lfi° ,^0' 14", b -^ l;i8.7H. 

10, Civcii 6 = 12, c = 13, 

Jhs. J =07° 22' 48", a = Tj. 

11. Given 6 = 36, c = 37. 

13. Given .1 = 63° 1 2', c = 128. 

13. Given JJ = 47° 17', a = 23.48. 

14. Given A = 27° 36', 6 - 46«, 
lo. Given a = 123, l> = 17S, 

16. Definitions, Tn Fig. 7, let A and i! be any two points of 
■whiuli B is at the greater lieiglit above ,, „ 

the sea level. In the vertieal plane 
through .1 and. B draw the liorizontiil 
lines A C, BD. Then, the angle CAB is 
called tlie angle of elevation of B with 
reference to A ; and the angle BBA is 
called the ani/le of depression of A witb reference to B. 

The angle of elevation of a heavenly body is called its 
altitude. 

The acute ai^le which a line on the earth's 

.; surface makes with a meridian {i.e., a nortli- 

and-south line) drawn through its initial 

point determines the heariwj of the line. 

Thus, in Pig. 8, NS is a meridian; the beai'- 

ing of AB is K, 30° E., which is read noHh 

^ 30° east ; the beai'ing of CD is S. 46° E. ; of 

M \p MP, S, 77° W. ; of QR, M". 60° W. 

Heights and Distances. Many practical 
problems in which heights and distances 
are to be found may be solved by the use 
of right tiiangles if we regard the earth's 
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i plane. Examples will be found at tlie end of 

this chapter. 

/ 17. Area of a Regular Polygon. 'Let AB 

\ / (Fig. 9) be a side of a regular polygon 

''./ of re sides ; the center and r {= OC) 

"* ^' the radius of the inscrited circle, S the 

area of the polygon; to find the value 

of S in terms of » and r. 

sow, ^J»^ = 5f ■ ■■-^Joc-if . 

Also, areaof A.10fi = OC X JC = r X ctan^— ; 
ari<l as there are n such triangles, we have 



EXERCISES 

s S in terms of a and u, where a — A JS. 
2. Find the perimeter in terms of r and n. 
Find in terms of r the areas of the following regula 



3. Tria:ngle. 5. Hexagon. 7. iJodecagon. 

4. Square. r>. Octagon. 



MISCELLANEOUS EXERCISES 
1. Tlio bounding liiiea of a tennis court include a rectangle 78 feet by 
^ feet. Find the angle made by a diagonal and tli© shorter side. 

Ana. 65° 13' 29". 



3. What Is the bearing of the line along which a man must go in order 
o reach a point 4 miles east and 9 miles north of his starting point ? 
Ans. N. 23° 57' iG" K 
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4. What is the radius of a 
tHnds an angle tj( l" at tha cen 

6. What is the radius of a circle when tangents AI, BI, 300 feet long, 
form an angle AIB = 126° ? Ans. 588.78 feet. 

SoiTc without logarithms. 

6. The radius of a circle is 3804.93 feet. A cbord, AB, and a tangent, 
AC, are each 100 feet. Find tlie length of BC. Ans. I,7i7 feet. 

7. The radius of a circle is 24.96 feet. Find the perimeter of the reg- 
ular inscribed pentagon. Ans. liO.Gl feet. 

8. What is tlie angle of elevation of the top of a tower 146 feet liigh 
from a point 325 feet from its foot? Ans. 34''11'2C". 

Solve without logarithms. 

9. A train started at 10; 15 a.m. and proceeded on a, straight track at 
a uniform rate of 34 miles per hour. At 11 :45 a.m. it had reached a 
point 26 miles further west than the starting point, inind the bearing of 
the tracli. Am. N. 30° 30' 3" W., or S. 30' Sfi" 8" W. 

10. From a point 80 feet from the base of a tower the angle of eleva- 
tion of an object in one of the windows is 50°, and the angle of elevation 
of the top of the tower is S8° 10'. Find the distance from the object to 
the top of the tower. jliis. 83. 512 feet. 

Solve without logaritJims. 

11. The radius of a circle is SO feet. Find the area of llie regular 
iu scribed pentagon. .Ans. 5944.1 square feet. 

12. A regular uotagon is inscribed in a circle whose radius is 49.92 feet. 
Find the length of the side and of the apothem. 

^na. Side, 38.21 feet ; apothoni, 46.12 feet. 

13. Find tho area of the octagon in Example 13. 

jliis. 7048.33 square feel. 

14. A chord 16 inches long subtends at the center of a circle an angle 
of 46° 24'. Find the side of the inscribed square. Ana. 28.72 inches. 

15. At a point 50 feet from the hase of a tower the angle of elevation 
of the top was found, by the use of a transit, to be 68° 18'. If the height 

IS 4.75 feet, find the height of the tower. 

Ann. 130.39 feet. 
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16. The I'adiiis of a circle is 1910.1 feet. Taiigeiits at tlie points A 
and B meet at J). If AH = 432 feet, find the angle BAJl. 

Ans. IS° 20' as". 

17. The radius of a circle is 1146.28 feet. Tangents at A and II meet 
at T. If .^B = 800 feet, find the angle TAB&nA tlie lengUi of ^ T, 

Ans. Z TAB = 2(f 25' 2a" ; ^r=42e.84. 

18. The angle of elevation of a point, P, from a point, B", due west 
of P was found to be B, and from a point. A', due south of K it was 
found to be ^. If A'B" = c, show that the height of P was 



VooIMT-co^ 
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CHAPTER IV 



TRIGONOMETRIC FDWCTIOMS OF ANY ANGLE 

18. Coordinates. Let XX', YY' (Eig. 10) be two lines inter- 
secting at right angles at 0; P, any point in theii' plane. 
Draw PM perpendicular to XX'. Then, OM and MP ate called 
the coordinates of the point P ; OM is called the abscissa, and 
MP the ordinate. XX' is called the x-axis, YY' the y-axls. 
Their intersection, O, is called the origin of coordinates. The 
following conventions have been adopted : abseis. 
to the right of the ?/-axis are 
; those to the left, 
: ordinates meas- 
ured upward from the a^-axis 
are positive ; downward, neg- 
ative. Abscissas are usually x'- — ■ 

denoted by the letter x, ordi- i 

nates by y. With these con- 
ventions, any point in a plane 
can be located with reference 
to two rectangular axes in 
the plane if its coordinates fio. lo 

are given. Thus, the equa- 
tions x = S, y^i determine the point whose abscissa is 3 and 
whose ordinate is 4. Thigpoint isreferred toas thepoint(3,4), 
or, in general, as the point (a;, j/), the abscissa being written first. 

The line joining P with the origin is called the distance of 
P, and is ahvays considered positive. The ases divide the 
angular m^nitude about the origin into four qitadranfs, des- 
s the first, second, third, foiirth, as indicated by tlie 



y Google 



PLANE TRlGONOilETRY 



1. Adopt a convenient scale and construct tlie following 
poiEts : x — i,y = 5; x = — 3, i/ = 2; x — 2,y=—l. 

2. Construct the following points : (3, 5), (- 2, - 3), (3, 0), 
(0,-4), (-3,7). 

3. What is the ordinate of any point on the a;-asis ? the 
ahscissa of any point on the i/-asis ? What are the coSrdi- 
nates of the origin ? Write down the coordinates of three 
points on the »-axis. 

4. Find the distance for each of these points : (3, 4), 
C- 6, 8), (17, - 8). 

19. Angles of any Magnitude. In Chapter I only acute angles 
■were considered, and the deiinitions of the trigonometric func- 
tions there given have no meaning except with reference to 





acute angles. We shall now show how angles of any magni- 
tude may be generated, and shall distinguish between positive 
and negative angles and give deiinitions of the ti-igonometrie 
functions that will apply to any angle. 

If a line, OB (Fig. 11), coinciding at iirst witli OA, be made 
to rotate about as a pivot, as indicated by the arrow, until 
it comes into the position OB, it is said to describe, or generate, 
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or turn througli, the angle AOB. OA is oallod the initial Hue, 
OB the terminal line, of the angle. If OB revolves until it 
comes j^ain into its original position, OA, the angle described 
is called a perigon. Half a peiigon is called a straight angle, ; 
one three-hundred-and-sixtieth of a perigon is called a degree. 
If OB, after describing the angle A OB, be made to turn in the 
same way still further throngh one or more perigons, it will 




come back to the same position, OB. In this way may be 
generated angles of any magnitude. Thus, if the angle indi- 
cated by arrow 1 (Tig. 12) be 40°, the angle- indicated by 
arrow 2 is 40° + 360°, or 400°, the magnitude of the angle in 
any case depending upon the amount of turning. 

80, Negative Angles. In Figs. 11 and 12 we have supposed 
OB to rotate in a manner opposite to the hands of a dock 



(counter-clockwise). Angles may be generated also by caus- 
ing OB to turn clockwise, as indicated by the arrow in Fig. 13. 
Here we adopt a convention similar to that in Sec. 18, via.: 
angles generated by a counter-clockwise rotation are positive ; 
angles generated by a elocktoise rotation are negative. 

Questions. How many degrees are there In tlio negative angle deaetibeil 
by the minute hand of a clock in &ve mimites ? in three hours and twenty-five 
minutea? How long does it take tie minute hand to describe the angle — 31fP? 
What negative anglea give the same position of the terminal line as the posi- 
tive angle 130°? 
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21. General Definitions of the Trigonometric Functions. Let 
the initial line of the angle 
AY)/; (Fig. 14) lie along the 
x-as.is on the positive side 
and let P lie any point in 
J|i-^'' the terminal line ; denote 
r y the angle XOB by A , and the 
abscissa, ordinate, and dis- 
tance of P by X, y, r respec- 
tively. Then, for every 
position of OB, the func- 
tions of the angle A are 
defined as follows : 



' 


distance ' 


™si„. ■■ ■■ 


abscissa ^ 
distance ' 


tangent " '■' 


ordinate ^ 
abscissa ' 


I'otaiiKeut ■■ ■■ 


abscissa 
ordinate ' 


se(>ant " ■■ 


distance 
abscissa ' 


fosftcaiit ;■ " 


distancfi^ 
ordinate ' 



The words ordinate, abscissa, distance, as used above, mean 
the ordinate, abscissa, and distance of uny point P on the 
terminal line of the angle considered. 

Let the abscissa of P contain a units of length, the ordi- 
nate i units, and the distance )' units ; then, if OB falls in the 
first quadrant, as in Pig. 14, x = + a, y = + !>, and from the 
dpfniitions we have 
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ordinate 
distance 



distance 
ordinate 



abscissa a 

__ distance __ ;' 

ordinate h 



If the terminal line falls in the second quadrant (Fig. 15), 
X — — a, y = -'r h, and we have, remembering that the distance 
is always positive, 



sin yl = - 
cos A — - 



For an angle in tlie tliird quadrant, 
terminal line lies in tlie 
third quadrant, 

x=-a, !i = -h. 
For an angle in the fourth ■S--^-a,&) 
quadrant, 

a. = + «, 2, = - h. 

Let the sludent construct a 
flgure for each, of these cafes anil 
write dowu the valueB of tiie f huc- 

When the angle is in the 
first quadrant, it is readily 

seen that the definitions given above agree witli those pre- 
viously given in Sec 4. The latter definitions are general, 

and inclucle those of See. 4 as a special case. 
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22. The formulas of Sec. 4 are true also for any angle. 
Thus, from 1 and 2 of See. 21. 

from 2 and 5, :;os A - — ^ . seo ^ = — ^ ; (2) 

' seo A aos A ^ ' 

from 3 and 4, tan^ = 1 cot A = (3) 

cot -'1 tan a • ' 

Also, for any position of the revolving line, 

?i!L- . ^ 1 = .^ = tan .-I , (4) 

eos.-1 X 'X ^ ' 

Similarly, prove formnla (B). 

Again, in whatever quadrant the terminal line may lie, the 
ahseissa, ordinate, and distance of P form a right triangle, 

Dividing each member of this equation by r\ 

M +•^o^A =1. (C) 



©H^y-' 



Prove formulas (T) a.ul (W) by Jividius ill tiiiu by x- ami y'^. 

23. Algebraic Signs of the Functions. Let x and y be the 
coordinates of any point in the terminal line of an angle. 
Then, as in Sec. 13, it will be seen that if the angle ia between 
0° and 90°, i.e., if the terminal line falls in the first quadrant, 
X and J/ are both positive ; and since *■ is always positive, all 
the functions of the angle are positive. 

If the angle is between 90° and 180°, the termmal line falls 
in the second quadrant, and x is negative and i/ positive. 
Therefore, the sine and the cosecant are positive, "wliilc all 
the other functions are negative. 
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If the angle is between 180° and 270°, the terminal line is 
in the third quadrant, and x and »/ are both negative ; so that 
the sine, cosine, eecant, and cosecant are negative, while the 
tangent and cotangent are positive. 

If the angle is between 270° and 360°, the terminal line 
falls in the fouith quadrant, and x is positive and i/ negative ; 
so that the sine, cosecant, tangent, and cotangent are negative, 
while the cosine and secant are positive. 

The student slionld construct the figure to illustrate each ease, as in Sec. IX 

These results may be ai'ranged in a tabular ioTia as below : 



QVADRiST 


.„ 


„. 


"• 


"" 


..c 




r 


+ 


+ 


+ 


4- 


+ 


+ 


J[ 


+ 


- 




_ 


- 


+ 


III 


- 


- 


+ 


+ 


_ 


- 


lY 


- 


+ 


- 


- 


-1- 


- 



24. Functions of 0°, 90' 
Magnitude of the Functions. 



180°, 270°, 360°. Changes in the 
Let the vaiiable angle A (Fig. 16) 
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i generated by a line, OB, of fixed length, r, lying at fii'st 
ong OX and I'evolving coanter-cloekivise. 



The studant should draw Oil hi several position ' in e!ii;li of the ixmidn 

1. Fvnetions of 0". When A — 0°, OB lies along the x-s 

and the coordinates of B are « = r, ?/ = 0. Hence, 

. „„ ordinate . .„ ahsoiasa r 

sm = -,:- ^ - = 0, cot = — -.T— — — ;; - 

distance r ordinate 

_ al)scissa __ r __ __ distance _r _ 

distance /■ ' abscissa r 

_ ordinate _ _ .ft" — '^^ stance _ £ _ 

ahscissa /■ ' ordinate 



2. As A increases, y, the oi-dinate of B, increases ; its 
abscissa, x, decreases, r remaining constant. Hence, in the 
first quadrant, sin, I, -i increases but reinaiiis less than 1; 
cos j1, -) decreases and remains less than 1; tan ,1, -? 
increases, being wlien A = 0°, then a number less than 1, 
then 1 (when A = ^5"), then a number greater than 1, which 
can have any value, however great, since x gets nearer and 
nearer to as ^ approaches 90°. 

3. Functions of 90°. When Ofl has turned througii 90" 
(arrow 1), coming into the position Oli.^, a- = 0, y = )■, and we 

sill 90° = ■''' = - = 1, cnt 91)° = --=-' = 0, 



*tan90°=^'^ = - = ao, esc 90° - - = - = 1. 

a; y r 

• As shown iu 2, if A, being first less tJian 90°, be made to approaoli i)0°, 
I A is positive and gets greater aud greater, and cau be made greater than 
Y assigned numher, however great ; this is espr^sed by writing tjui 90°= + ». 
t if 4 be greater than 90°, and be made to approaeli 90° Iij a elocltwise 
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4, An A pauses through the value DO", x tecoiues 
and increases * numerically while y is positive and 
Hence, in the second quadrant, 

sin .1, -I is positive and decreases; 

cos A, -> is negative and increases; 
tan .[ is negative and decreases; 
cot A is negative and increases ; 
see A is negative aiid decreases ; 
CSC .1 is positive and increases. 

5. Functions of J SO". When OB has turned through 180° 
(arrow 2), »■ = — )', y = 0. Hence, 

sin 180° = - = 0, cot 180° = ~ = ^, 

cos 180° = ^' = .- h &6C 180° = 3^ = - 1, 

tan 180° = -^ = 0, CSC ISO" = ^ = <«■ 

C. When A passes through 180°, x remains negative and 
decreases, ■// becomes negative and increases. Hence, in tlie 
third quadrant, 

sin,l, -! is negative and increases ; 

cos .1 , -' is negative and decreases ; 

tan-l, -! is positive and increases. 

rotation, tau.^ is negative, and can lie made iiumeriually greatei than any 
assigned numbei', however great ; tJiis is expcessed by ivritjnj; tau 90° = — x . 
Hence, when it is not known whether A becomes (K>° from having lieen less 
Uiaji 90° or irom liavlng been greater than 90°, there is an ambiguity in the, 
sign of tan 90°, and we must write ta]i90°=*«. Similarly, whenever the 
symbol » occurs in this diBoussion it should have the double sign. 

" In this discussion Ihc worris increiise and dfcnase intvr In nniwrical 
increase and rlecrease. 
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7. "When .1 = 270°, a- =- 0, ,-/ = - -■. Henoe, 

sin 270° = -~ -' = - i, cot, 270° = - — = 0, 

cos 270° =- - = 0, sec 270° = ^ = 00, 

tan 270° = ^ ^ x, use 270° = ^ = - 1 . 

8. When .1 passes tlirougli 270°, x becomes positive and 
increases, while ;/ is negative and decreases, PTence, 

sin A, -' is negative and deureases ; 

cos .i, -1 is positive and increases; 

taii.(, ■ is negative and decreases. 

Wlieu -I — 300°, OJi has returned to its original position 
and the functions of 360° are the same as those of 0°. 

In the same manner, the changes in the values of cot^, 
sec A, CSC A may be traced for the several quadrants. 

Queationg. Which of the functions increase as A inereasea from 0° to 90°? 
MTiich decrease ? MA increases from 90° to 180° wliich of tJie functions 
Increase and which decrease ? What is the greatest value of sin A'f of cos J ? 
Ilie least values? 



Trace the changes in the value of sin A as .1 varies from 0° 
to 360°. Trace also the changes in the values of cos A ajul 



25. Given one Function, to find the Others. Suppose we have 
given cot A — ^^. Since cotangent equals abscissa divided by 
ordinate, let us construct the point B (Fig. 17) whose coordi- 
nates are CO and 11. Draw OB; then the angle XOB has its 
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id by constructing 



ootaugenb eijual to — ■ But - 

the point £'(-60, -11) we 

determine the angle XOB', 

which also has f J for its 

cotangent. Similarly, corre- 
sponding to a given value of 

any one function, there are 

always two positive angles, 

each less than 360°. 

Since OB=OB'=V60H11^ 

= 61, all the functions of XOB 

and XOB' can be written down. 

Thus, denoting XOB and XOB' by A and A ' respectively, 
sin^ = ^^, sec ^ = H, tn.nA' = ^, 

cos A = IJ, CSC A = ^\, cot A' = ^, 

tanJ^^J, sin^' = -J}, seo^' = -|i, 

cot A = ^^, cos A' = — ^?, CSC A' ^^ ^\. 




EXERCISES 

Construct the two positive angles less than 360° correspond- 
ing to the given function in each of the following cases. 
Find also the remaining functions of each angle. 



sni .1=3 
CSC .,4 = - 
tan .4 = ^ 

cos A = - 



6. tan A - 



2.V2 

V5 



26. If OB (Fig. 15) be turned, counter-clock wise or clock- 
wise, through 360° or any multiple of 360°, it will again 
occupy the position shown in the figure. Hence, if an angle 
be inereased or diminished bi/ 860° or any multiple of SBO", its 
e unchanged. 
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EXERCISES 

1. taa4aB''== tail (3130° + 196°)-= tan 1!IG°. 

2. ein 1263° = sin (3 x 360° + 183°) = sin 183°. 

3. Prove cos 762° = cos 42°. 

4. Express sec 780° 13' as the secant of an acute angle, 

5. Kanie three angles that have the same functions as 
46° 24'. 

27. Functions of Negative Angles. In each of the accompaiiy- 
ing figures let the line OC turn counter-clockwise, generating 
an angle XOC = A, indicated by arrow 1. Let OC turn clock- 
wise through an angle equal in magnitude to XOC, indicated 
by arrow 2. Then Z XOC' = — A. 




'■~~4: 


«.(>) 

--<: 


r 


u 




o ; ■ 


^' »'(- 


a,-?i^ 





T'roni any point, B. in OC, draw Bli' perpendicular to A",V', 
meeting OC in B'. In the right triangles MOB, MOB' the 
aide OM is conunon, and the acute angles MOB, MOB' are 
equal in magnitude. Hence, the triangles ai'e congruent (Le,., 
one could be made to coincide with tlie other). Let the 
number of linear- units in OM, MB be a and 5 respectively, 
and let OB = OB' = r. Then, giving to a and l> their proper 
signs according to the r(uadrants in which 0/1 and O/',' lie. 
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the coftrdiiiates of is and B' will be as shown in the se^^eral 
figures. Confining our attention to the case in which OB is in 
the second quadrant, OB' in the third (Fig. 19), wo have 

sin (- J) = - ^ = - «in J, cot (- .0 = ^ = - ,,ol; A, 

cos {— .1) = ^^ = COS .1, seu(— J) = = 860.1, 

tan(— -4) = — = - = — tan.I, esc (— .1)= — - = — cso 4. 





r 


SyC 


S 


ii/ JU- 


J 


C^B{-a,-M\— 


Y' 




The same relations are. true for all ca.ses. I^eL ilm stiident 
prove them for each figure. 

28. Functions of 90° + A in Terms of Functions of A. In vueAi 
of the accompanying figures let the angle XOC, iiiiwked by 
aiTow 1, be denoted by A. If OC be drawn perpendicular to 
OC, the angle XOC, marked by aiTow 2, will be W + A. 
Take OB = OB' = ?■ and draw BM, B'M' perpendicular to XX'. 
In the right triangles 0MB, OM'B', OB = OB' and the acute 
angles BOM and OB'M' ai'e equal, having their sides perpen- 
dicular each to each. Hence, the triangles are congruent, 
denoting the absolute values of (■>,!/", MB by a and h, as in 
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Sec. 27, the coordinates of B and B' will lie as shown in the 
several figures. Then, for the case where A falls in the third 




J3{-a.b) 


\ 


r 


,' m' 


i 


'?\\ 


' \J^ 





^k-^ra) 








¥ 



quadrant and 90 + A in the fourth (Fig. 24), we have 
sin (90° + yl) = - - = cos ,1, eot(90° + A) = - - = - tan ^, 
cos(90° + .l) = J; = -sin.L seo(90° + .1) = J = - esc .], 
tan(90° + .Jj^ ~f ="^ '^^'^ '^> '^50(90° + ,!) = - - = 3ec^. 






r 


f 




/ 


B\b.a) 


// 


^ 


\ .. 




>y~-~i 


^ 


-^ ll(a^<' 




V 
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EXERCISE 

Prove the above relations foi' each of the other eases. 

Prom these results it follows that if aji angle be diminished 
\iy 90° the sine becomes cosine, cosine becomes negative sine, 
tangent becomes n^ative cotangent, cotangent becomes nega- 
tive tangent, secant becomes negative cosecant, cosecant 
becomes secant. 

29. Functions of 90° —A. The figures of the preceding section 
may be used to express the functions of 90° — .^ in terms of 
functions of A. In ea«h of those figures let Z XOC'= A, then 
Z XOC = A — 90°. Then ive have, as in the last article, 

sin {A - 90°) = - cos vl, cot (A - 90°) = - tan J, 

cos(^ - 90°)= sin ^, see (A - 90°)= esc J, 

tan(^ -!30°) = -cot.l, osc {.'! -90°)=-- seo^. 

By Sec. 27, if the a^n of au angle be changed, the sign of 

each of its functions, except the cosine and the secant, will be 

changed. Hence, 

sin (90°- y1)=cos J, cot (90°- J) = tan^l, 

cos (90° - .4)= sin^, see (90° - /l) = esc^, 

tan (90° - J)=^cot^, esc (90° -^) = sec^.. 

These relations were proved in Sec. 4 for the case where A 

is acute, 

30. Functionsof 136'',225°, 
316°. Let XOC (Fig. 26) 
be an angle of 136°. Then 
ZCOX'=45°. TakeOJl/=l, 
and draw MB perpendicular 
to XX'. Then MB = 1, OB 
= V2, and the coordinates 
of B are (- 1, 1) ; and we 
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tan 135° =— 1, 
cot 135° = - ], 



CSC 135° - 






/^(i,^) 



For 225° OC falls in the third quadraEt, and for 315° it 

falls in the fourth ; in each case take OM = 1 and constiiict 

the ti'iangle 0MB as above and find the coordinates of B. 

31. Functions of 120°, 150°, 210°, 240°, 300°, 330°. The 

functions of eaxjh of these angles 

are closely related to those of 30° 

and 60°, as will be seen from the 

figures. "We shall construct the 

figure and find the functions of 

240°. Let XOC (Fig. 27) be mi 

angle of 240°. Then the acute 

angle X'OC formed by its terminal 

line and the X-axis is 60°. 

Construct, then, an angle of 60° 

in the first quadrant and set off on 

its terminalline a distance 0B'~2, 

and draw the perpendicular B'M'. 

Then the triangle OiC.l/' equals the triangle ADB of Fig, 4. Why'.' 

Hence, the co6rdinates of B' ai'e 1, Vs, 

Not, setting off OB = 2 and drawing the perpendiculai- BM, 
the triangle OBM equals the triangle OB'M', and we have, for 
the cooi-dinates of 7i, — 1, — vS. Hence, 



sin 240° = ~y 



cot 240° 



= V7!, 



Fop each of the other angles named above construct first 
the given angle, then in the first quadrant an angle equal to 
the acute angle formed by the terminal line of the gi\'en angle 
and the A'-asis, and proceed as above. 
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45 



111 the following table are collected the functions of the angles 
named in the caption of this section, and for 46°, 30°, 60° pre- 
viously found. The student should be able rea<:Uly to construct 
the figure for each case and to obtain the results from it. 



ANOL^ 


M>- 


cos 




^_ 


c«. 


4r,° 


1 

V2 


"^ 


1 


' 


Vi 


V5 


136° 


] 

V2 


~ V2 


- 1 


- 1 


- vi 


V5 


226= 


1 


1 


1 


I 


- v^ 


- V2 


316° 


1 
V2 


1 

V2 


-1 


-1 


V5 


- V2 


.«. 


1 

2 

Vii 


f 


1 


^''^ 


Vy 


2 


00" 


„, 


2 


v.^ 


vl 


2 


V^ 


120° 


V3 
2 


1 
2 


- V3 


1 

V5 


- 2 


Va 


)-,o° 


1 


^■^ 


1 


- Vs 


2 








2 


vs 


^^ 


■ 


210° 


1 


_ Vs 


I 


vs 


2 


2 


24(1= 


^i 


~ 2 


Vi! 


Vii 


-2 


~v^ 


;hio= 


2 


1 


- V5 


" s^ 


2 


" V3 


3;-iii° 


1 


v':! 


_L 


- v^ 


2 


-2 




^ 


■i 


VS 




V3 





Should it be required to express any of the above functions 
as a decimal, it is best first to roIionolU'' the denominator 
when it contains a radical. Thus, 

,i„„. = ^5 = ^-? = iiifl±- 0^707,0+. 
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1, Write down from the above table all the functions in 
■which the denominator is irrational, and rationalize as above. 

2. Express decimally to five places sin 120°, see 30°, cot 240°. 

32. By means of formulas (1) to (8) any one of the func- 
tions can be espiessed in terms of any one of the others. 
Thus, to express the tangent in terms of each of tbe other 
functions : 



By formula (3), 


tan = — ) 
cot 


which gives tangent in 


terms of cotangent. 


By formula (7), 


tan^ = sec^ — 1, 


01- 


tan = Vsec'-^ — 1. 


By formula (S), 


cot = Vcsc^-l. 




cot vW 


My formula (4), 


tan = -"^ ■ 


But, Iw formula (6), 


nos=Vl-sin=. 




Vi — sin' 


By formula (C) also, 


sin = Vl — oos^. 




Vl ~ cos^ 
.-. tan = — — — 



e have the following values for tangent : 
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MISCELLANEOUS EXERCISES 
Prove the fallowing relations : 



3. cos's; tail x 4- sin'i cos x tan x — sin x. 

4. Q.-i-tanx){l + cotx) = 2 + s6CX'iac: 



T (siniccwi!/ + cos3;Biii!/)=4-(co 

8. sin^x^^n^y — cos^y -ooB^x. 

9. cos^K — sin^j/ — cos"!/ — einii. 



10. sin 6 3; = i. [One solution is given Ijy tlie equation 65;= 30°, anotlier 
by the equation 6a:-IWF; obtain the others by adding 360° successively to 
these angles.] 

11. s1ii3s:t:cosj;. Ans. a = 22^", or 4:-,°. 
X = 10°. 



12. tanOK^cotaa:. 

13. 5tan'^a^ + 8see2x = 

14. Yersinia; = |. 

15. tan S a; = 1 . 
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CHAL'TER \" 
ADDITIOK AND SUBTRACTION FORMULAS 
33. To prove the relation 

sill (li' + _(/) = sill X f'os ;/ -h- cos x sin y, 
)!■, the sine of the sum of ttvo angles equals the 



sine of the 
rf the first 



first titties the eosine of the second, plut 
times the sine of the second. 

We. .shall first prove tliis and the succeeding propositions for 
the case where x and ?/ are each less 
than 90°, and their enin also less than 
!>0°. In I'ig. 28, let ^LON^sc, 
Z NOM = y, then /.LOM = x + y. 
From any point, C, in the terminal 
line of * + !/ draw CA and CD per- 
pendicular to OL and OjV respectively ; 
~^ DB and J)E perpendicnlai- to OL and 
F!a. 2s -'C respectively. The acute angles 

3 per- 










LON and DCE have 


their s 


pendic 


alar 


each to 


each. 














.■.AncK = 


= r. 








2\oiv 


s 


n{x + y) 


_-ic _ 


nT> + 


EC 


nn 
'oc 


^ OC 


or. 




lint 






no 
oc~ 


BD 

" 01) 


OD 
0C~ 


sin 


X COS y, 


and 






EC _ 
Of! ^ 


EC 


CD _ 
0C~ 


cos X sin y 



Substituting tliese values above, we have 

sin (x + y) = sin x cos y + cos x sin y. 
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lu duuitliiig uiMni tliG iii'tiftBe by which 
in a; cosy, ive may proceed as follows: 



Theu, under BB, write the hypotenuse of the right triangle 
is a leg, that is, OD ; then, of course, OD must also lie written o" 



34. To prove the relation 

coa (« + ?/)= oos X cos y — amx sin y, 
or, the cosine of the sum of two angles equals the cnsinn of 
the first f tines the cosine of the second, -niinvs the sinn of the 
first times the sine of the second. 

From l''ig. 28, 

, OA OB- ED OB ED 
Cos(x + ;/) = --= -■^--- ■■= — -—■ 

OB OB OD 

ED ED CD 
and -^^;^,„^x — ^sm^sm?y. 

Substituting these values above, 

cos (x + y) = cos X cos y — sin x sin y. (10) 

35. To prove the relation 

aiu (x ~ 1/)= sill X cos y — cos :'■ sin ^, 
or, the sine of the difference of tiro angles equals the sine of 
the first times the cosine of the xecmd, 'minus the cosine of the 
first times the sine of the second. 

In Fig. 29, let Z LON = :e, Z NOM = y. 

Then, A LOM = x - y. 

From any point, C, in the terminal line oi v. ~ y draw C/(, 
CD perpendieuhir to 01. and OS respectively, as above. 
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Draw also DB, CE perpendicular respectively to OL, DB. The 
acute angles LON, CDE are equal. Why? 




■. /- CDE = x\, and we have 

, AC ED -ED 



ED ED CD 
""^ -^ = ^^^ = '=°^^^^"^- 

Hence, sin (x — y) = sin s cos y — cos s sin y. (11) 

36. To prove the relation 

coa (x — y)~ cos a: cos ?/ + sin x sin y, 
or, the cosine of the difference of two angles equals the cosine 
of the first times the cosine of the second, plus the sine of the 
first times the sine of the second. 
From Fig. 29, 
cos (x - y) 



OB + EC 



OC 



OB 



EC EC CD 



- y) = cos X cos y + s 



(12) 



yGoosle 



ADDITIOX AMI i 



DjV KOEi.MiLAh 



In forraulas (9), (10), {11|, (12), it slioiild be iioteci that for the sine the 
algebraic sign between Uie two teems on the right la the same as that between 
X and y on the left; for the cosine the algebraic eigns are different In the two 



Tormuks (9) and (10) ate failed odditwn formMaf, (IV) 
and (12) subtraction formulas. 

37. General Proof of the Addition and Subtraction Formulas. 
By paying attention to algebraic signs, we may apply the 
proof given in Sees. 33, 34 to the case ^v'heie x and y are 
acute angles -whose sum is between 90° and 180°. In this 
ease the terminal line of the angle x -\- y falls in the second 
quadrant. 



M 

E 


h 


V 


Y 


'U (a,b) 












5 


% 









B 








V 





In rig. 30, 



let Z XON = x, Z KOM =^ y. 
/L XOM ^ X + y. 
From any point, C, in the terminal line oi x -\- y draw the 
perpendiculars CA and CD to XX' and ON respectively ; also 
DE, DB perpendicular respectively to CA, XX'. 
Then, Z. DCE = x. 

Let the coordinates of C be (— m,, -n), of D (a, b), and the 
number of linear units in ED and OC be I and ;■ respectively. 
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I'j.AXE 'rRi(;().\()3n';'i'i;.v 


Xow, sii 


, , . n jr ni.) + Et: nil , icr 
'^~'' + y^ - or or Od^or- 


But 


nil r.i) oi) 


and 


/■;(' i-:r rn 




. ■ . siiJ {j- + y) = Kin xaost/ + cos sr, sin y. 


Also, 


c-o. (,.+//) =-;"- 


But, fro: 


,11 the figui-e, I = v^+ «, 


.-.eo. 


^ -~ ,» a -I a ! on Ell 


liut 


on OB on 


and 


El) El) ri> 




.-. ens (x + ii) = cos X cos y ~ sin x sin ;/. 



(I') 

Prom (a) and (b) it follows that the addition fornmlaa ai'O 
true when x and >/ ai'e each less than 90° and their sum greater 
than ilO". The proof is e,xtended so as to include all possible 
lases, as follows : 

1. Let one of the component angles, say a^, be increased by 
90° and let 00 + a- = J. 

Tlien. nil! (, I +!/)= sin (90 + a- + i/) 

= cos (.r 4- ,'/} by Sec. 20 

But again, l>v Sen. 28, 
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Substituting tliese values for cos x aiid — sin x, we have 

sin (.[+;/) =^ sin -1 coa y + oos .1 sin y. (<;) 

Similai'Iy, cos (.1 + y) =^ cos (90 + x + y) 
= ~sin(^ + y) 
= — sin xiios y — cos X ,si3i y \ 
or cos (.1. + y) — cos ,1 cos y ~ sin A sin y. (il) 

From (c) and (d) it follows tliat the addition formulas are 
true after one of the acute angles x or y has been increased 
by 00^ 

2. Xext let y also be increased b\- 1(0", and let 

1(0° + y = /;. 
Then, t,iu(.l + /;)-sin(.l +1)11° + //) 

=^c<«Gl+;/) 

= cos-.lcusy-sin.lsin</. By (d) 
But sin II = cos ij, 

and coK /.' = — sin y. 

.-. sin(.i + iJ) = sin .1 cos Ji + coaJ sin /!. (c) 
Similarly, cos (-1 + j^) = cos (.1 + !)0° + y) 
= -,miA+y) 

— — sin.t cosy — cos-1 siny, by (c) 
or i'os(. I. + li)= cos A eosB — ain. A sin B. (f) 

Projn (e) and (f ) it follows that the addition formulas are 
true aftei' both of the component angles have been increased 
by 90°. By successive applications of the sa,me course of 
reasoning it may be shown that they ai'e ti'ue after one or 
both of the component angles have been increased by any 
number of times 90 '. 

[Thus, for the next step, add 90° to A, and let 90° + .1 = A', 
and proceed as before.] 

They are true, therefore, for any posit ire values of the 
component angles. 
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la exactly the same way the subtraction formulas (11) and 
(12) may be extended so as to include all positive values of .r 
and y. 

Now let one of the component angles, say y, be negative. 
Let 1/=^— B where B is positive ; then, 

sin (x + y) = sin (x — B)~ sin x cos B — cos x sin. B, 

by fo]'mula (11). 
. ■ . sill (x -^ y)= sin xaos y + cos x sin y, 
since cos B = cos y and — sin £ = sin y. 

Therefore, formula (9) is true when one of the angles is 
negative. 

Next let both x and j/ be negative and let x = — A, ?/ = — B, 
where A and B are positive. 

Then, sin (x +y)=^ sin (— ^ — B) = - sin (J + B) 
= — sin .;! cos B — cos A sin B. 
. ■ . sin (a; + y) = sin a; cos y +■ cos x sin y. 

Therefore, formula (9) is true when both the component 
angles are negative. 

In the same way formulas (10), (11), (12) may be extended 
so as to include the case where one or both the component 
angles are negative. The addition and subtraction formulas 
are therefore true universally. 

Let tho student give the proof of formulas (10), (11). (12): lii'St, when a is 
positive aiid!/ = -.8; second, when x = - A, y=- II. 

38. To prove the relation 

.'r .'..'_"". r. ('•=) 

We have 
t9.n(x + ;/)--= 



™, 


(^ + 7/) 

i^ + lf) 


1 — tan X ■ tan y 

sin xcosy + cos x t 


sin*/ 




COS 


cos ^ sin 2, 


tan K + tan ; 
1 — taa iT tan 




COS 


xco&y 


V 


COS X COS y 


sm X sm ;/ 


y 
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We may proceed in the same way and deduce a formula for 
tan {x — y); or we may substitute — y for y ii\ formula (13). 
Thus, 

tan a; + tan(— !/) 
• ■'' >- ^ ' ''•^-' I - tan a; taa (- \j) 



-f)-- 



tan X — tan y 



Ivet A =x -\- y, B ■= X — y. 

Then, X = I (A +B), y = l(A - B) 

By the addition and subtraction formulas, 

sin A — sin x cos J/ + cos x sin y, 
sin B = sin x cos y — cos x sin ■>/. 
Adding, 

sin jI + sin B —2 sin a: cos -y 

= 2sin i-(_4 +B)eosi(A - I. 
Subtracting, 

sin .1 ~ sin S = 2 cos x sin y 

=-2eosia + R-)sin|(^ -i 



(U) 



i+tanxtany 


^ ' 


Espresa formulas (13) aiiii (1-!) iu words. 




Similai'ly, let the student prove 




, , - cot K cot f/ — 1 
"'("' + ='' cotj + cot.' 




^ ^' cot y — cot K 




39. To prove the relations 




sin A + sin B = 2 sin J (A + B) cos ^ (A - B), 


(15) 


sin A - sin B = 2 cos J (A + B) sin ^ (A — B), 


(16) 


cos A + cos B = 2 cos ^ (A + B) cos ^ (A - B), 


(17) 


cos A— cosB = - 2sin J(A + B)sin^(A — B). 


(18) 
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Similarly, cos .-I = cos xcosy — sin x sin y, 

cos B = cos X cos y + sin x sin ?/. 
Adding, cos .1 + cos 7J = 2 coa a; ooa i/ 

Subtract and prove formula (18). 

formula (15) is equivalent to the general proposition : the 
sine of one angle plus the sine of another equals twice the sine 
of half their sum, times the cosine of half their difference. 

Express formulas (16), (17), and (IS) similaily. Fiom 
formulas (15) and (16), by division, prove 
sin A + sin B _ tan \ (k + B~) 
sin A - sin B " tTn ^ (A - B) * 



(19) 



40. 



Functions of Twice any Angle. 

3 have 



Jii formula (D) lot ;'/ 



Let y — X va. formula (10), and v 
cos (a; + a;) = cos 

Since sin^u; H- cos^a; = 1, we liave 



(21) 



-(1 — cos^a^), 



Formula (20) may be read: the sine of twice any i 
equals tuHce the sine of the angle times the cosine of the o 
Express formulas (21), (22), and (23) similarly. 
Put y ~ X in formula (13) and prove 
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il. 


In foiinulas (22) and (23), 


let 2:^ = 


.i, tlu 


;n a: 


= i./!, 


and \ 


(-e have 

uoa .1=1- 
2 sin^ J A = 1 ■ 

cos -1 = 2 c 
2 cos' ^ A = 1 ■ 


-cobA 
tosH'l 
f cosA 


'- 


■1, 
1, 




(25) 
(26) 


Fv. 


mi formulas (25) and (26), if 


cos A " 


l)cy 


:iveii, 


sin i 


A and 


oos^ 


A can be found. 












Protii formulas (25) and (20), 


we lia 


.ve, 


by di 


.vision and 


reduc 


;tio!i, 

l,flii I A .- \' 














1 - COS 


iA 






1 4- cos 


rs' 






EXEKCISES 










1. 


Given COB ;iO'' = ^, find yii 


1 15° a: 


ltd. 


;ds 15= 






Put 


;tmg A = 30° in fcirmula (25), 


"~~a~ 


.1 


-V3 








, v^ 


V5. 




Sill 


■ilavly, hoiii foi'inula (2(J), 

C09 l.j° = I 


'+^' 












. V:?-)- 


V;J. 




^ 


(Hvenoo.36=„^^ + \ , 


.■ov. 


cos 


1S° = 


v'- 


+ V5, 



Find also sin 18°. 

3. Find sine, cosino, and tangent of 22° 30'. 

42. The addition and subtraction formulas may be used to 
express the sine and cosine of an angle in terms of functions 
of its supplement. Thus, 

sin (180° - J)= sin 180° cos A - ens 380° sin A. 
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Thus, 860(180°- J)- 
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Since sin 180° = 0, 

and cos 180° =-1, 

this becomes sm(l80° - A) = ain A. (28) 

Similarly, cos (180° — A) - — cos A. (29) 

Since A is the supplement of 180° — A,\ve liave the impor- 
tant relations : the sine of an angle equals the sine of its sup- 
plement ; the eosine of an angle equals the negative cosine of 
its supplement. 

Similar relations can be proved for the other functions. 
1 1 

>s(\m~A)~ -<iOsA " ^^' 
Similarly, 

cso(180--.l)=cse.l, 

tan (180° - J) = ^'""illZ'il = ^'^^r = - tan A, 
^ ' cos (180 — A ) — cos A 

cot (180° -.^)= - eot.l. 

Similarly, 

sin (270° - A} = - cos A , etc. 

The addition and subtraction formulas may be used also to 

recall the values of sin(90° + A) and cos (90° + A) in terms 

of functions of A as given in Sec. 28. 

Thus, sin(90°+^)=sin90°eo8 J + cos 90° sin ^1 = cos-l, 

since sin 90° = 1 and cos 90° = 0, 

Also, cos(90° + ^l) = cos90°cosy! - sin 90° sin. 1 =-sin.L 

EXERCISES 

1. Express the functions of 180° — A in terms of functions 
of A by means of a figure, as in Sec, 28, taking A in tlie first 
quadrant. 

2. Find an angle that has the same sine as (a) 150°; 
(b) 123° 22' 36"; (c) 42°. 

'.'>. If cos 18° =r. O.S.'jlOO, find cos 162°. 
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MISCELLAHEOUS EXERCISES 
Prove the foUmring ruliitiuiis ; 

sin (a> + y) _ coiy + cotx I -^<io»A 



sin 63" 30' + sin 7° 30' ~ ' 
17. Provesin3K = 3siiiie — 4Biii*a;. 
Write sin 3 j: = sin (iz + x); appiy formulas (!l) , (20) , (22) ■ 

IS. Express cos 3 a; in terms of cos x. 

, „ „ . , i tan X — i tan's 

19. Prove tan 4 a: = 

1 -etan2a + taii*a 

20. Prove sin {A -i- B + G) = slaA cos B cos C + cos A sin B cos C 

+ co5^ooaBsinC-sm^smB5:iiC', 
I'ut 3: = A + B, y ^ cin formula (9). 

21. Prove aos{A + B+0 = cosA cos B cos C - sin A sin B cos C 

~ sill A cos B sin - oo.^ A sin B sin C. 
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Use the restilta of Exevciees ao and -21 to provo 

n 4 + twi S + tan (7 — tan ^ tan JJ tan C 



tn(A + B+C) = ~- 



23. If A, B, C are the aiigles of a triangle, prove, 1jy using tlie result 
of Exercise 23, that 

24. Express siiiSa: in teriua of sin j; by putting j1 = iJ = C = ce in 
Exercise 20. 

35. Express cos 3 Kin terms of cosx by using tlie rysultof Exercise 21, 
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CKAl'TErv VI" 

PROPERTIES OF TRIANGLES ; SOLUTION OF OBLIQUE 
TEIAHGLES 

43. In the Bolution of ohliijue triangles four cases present 
themselves : 

1. Oil-en a side-anil two angles. 

2. Given two sides and their included angle. 

3. Given two sides and an angle opposite one of them. 

4. Given the three sides. 

The solution is effected, as in the ease of right triangles, 
by means of relations between the sides and the angles. 
Poiinulas embodying such relations will now be established. 

44. Law of Sines. lit any triangle the sides are propor- 
tional to the sines of the opposite angles. 





Proof. In the triangle ABC draw tlie perpendicular CD. 
'l.'hen, if all the angles ai'e acute, as in I'ig. 31, we have 
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If one of the angles, as B (Fig. 32), be obtuse, then, 
he sine of an angle equals the sine of its supplement, 



(30) 



n ;j = sin CBD = — - ' 
a A = — ;— 1 as before. 



sin C ': 
These results may be written 

a _ b _ 
sin A ~ Bin B " 

45. Case 1. Given one side and two angles. 

Given a = 263, A ^ 81°, B = 52°, to find b, e, '/- 

The law of sines and the I'elation A + B + C = 180° sutHoe 
for the solution. 

We have at once C = 180° -(A + B)^ 47°. 

To find b, apply the law of sines, 
unknown, b, first. Thus, 



■. log 6 — log a = log sill B — log sin J., 
log 6 = log a + log sin B — log 
log 203= 2.41S96 
log sin 52" ~ 9.80663 - 10 
12.31649 - 10 
log sin 81" = fl.B9462 - 10 
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Similarly, to fiml c, - = - — '- ■ 

log B = log re + log sin C — log sii 
log 263= 2.4199G 
log Bin i-i" = 9.88413 - 10 
12.28409 - 10 
logsiii81°= 9.00462 -II) 



log c - log (i = log si 
log = 13.28947 - 10 | logai 
log b = 2.32187 log si 



9,90760 ~ 10 



In all exei'cises in this chapteF in which the answers are not given the stu- 
dent sbould eked: his resnlta. In doing this he should use the law of sines and 
also the law of tangents (Sec. 46), which affords a better ohstk; wlien the 
three sides are given the check A + S ■>■ (7= 180^ will suffice. 



EXERCISES 
olye the following triangles : 
G-iven A == 32" 19', B = 76° 42', a. = 268.94, to iind C, 
Ans. C = 70° 59', b = 489.57, c = 475.61. 
. Givcsn B = 51° 47', C = 63° 32', b = 20.64, to find A, a, e. 
Ans. A = 64° 41', a = 23.748, c = 23.517. 
Given A = 52° 24' 36", C = 74° 12' 16", a = 2468.12, to 
B, b, e. Ans. B = 53° 23' 8", b = 2600.1, c = 2997.1. 

GiYcn A - 114° 23', B = 33° 41', a = 323, to find C, h, c. 

Ans. b = 196.68, e = 187.58. 
Given A = 98° 20', B = 44° 9', (t = 964.5, to find C, b, t. 

Ans. h = 679.83, c = 593.64. 

Given A = 54° 14', B = 44° 27', a = 1264, to find C, b, e. 

Ans. b = 1090.9, c = 1539.9, 
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7. Given B = 14° L'(i' 38", C = 07° 13' 12", b = 23M, to 
find A, a, c. A71S. a = 93.776, e = 87.384. 

8. fiiven n = 4(3° 48', C = 84° 23', b = 174, to find A, a, c. 

Ans. (z.= 179.64, c = 237.55. 

9. Given ,1 = 67- o4', P. = 34° 62', 5 = 435.67, to find C, 

a, c. ^Ms. a = 706.28, c = 743,46. 
10. Given .B = 32° 12', r = 108° 36', a = 467, to find A, 

b, <: Ans. b - 374.80, o ^ 685.73. 
It. Given A = 43° 22', C -= 34° 26', ft = 346,24, to find Ti, 

b, c. 

12. Given B = 74° 35', C = 46° 23', c = 246.13, to find A, 
a>b. 

13. Given iS = 52°, C = 98°, e = 95.46, to find A, «, &. 

14. Given A = 23° 18', B = 106°, a = 34.7, to find C, h, c. 

15. Given B = 42°, C = 116°, a = 56i, to find A, b, o. 

46. In Case 2 we need also 

The Law of Tangents. In any tnanglo tha suin of any two 
sides is to their difference as the tangent of one half the sum, 
of the angles opposite those sides i.v to the tanyant of one half 
their difference. Or, in symbols, 

a~b Un-i(A-B) ^ ' 

To prove tliis. we liave, liv tlio law of sines, 



by composition and division. 
a + (. _ 



a - h sin A - sin B 
ii + l) ^ tan^( .-l + B) 
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Si„iMy, 'A+l^ '.-^r.H.I + O 

47. Case 2. Gicen two sides and thu aiii/U included hy the-m, 
'L'lie method of sohition is shown in the following example. 
Given h = 360, c = 483, .1 = 62°, to find a, 13, C. 






By tlie law of tangents, 
From the given parts, 
c + 6 = 843, e~& = 123, C + B = 180°-(i2° = 118"; J(C' 4- /')= 'j1>' 
Suhstitutlag tliese values in the ahove ei-iuation, 

843 tan 51>=__ 

128""t,anT(0-/;}* 
.■- los 843 - log 123 = log tan 30° - log tan i (C - B), 
■r log tan 1 (C - B) = log tan 51P + log 123 - log 84S. 

log tan 59° =^ 10.22123 - 10 
log 123 = 2.08ilfll 

12.81114 - 10 
log 843 = 2.32583 
logtani-(C-B)= 9.38631-10 
iia~B)-lS°S8'W. 
But i{C+ ]i) = 5ff>. 

Adding, C = 72= 38- 57". 

Suhtranting, B = 45° 21' 3". 

We now find a by the law of sines ; 





loj; a = log r, + log sin A — log sin C, 
lojf a - log 4e;J + log sin d-JP ~ log sin 72° 




log483= 2.68305 
.log sin (i2° = 9.945i)8 - 10 




12.62',)88 - 10 




log sin 72° 38' 57"= 0.97978-10 
loga= 2.a&010 


Check. ^ 


sin ^ a = 44(1.79. 
""sin b' 


Apply tijis 


test. 
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Solve the followiiig tviangles : 

1. Given A = 58" 16', h - 656, c ^ 834, to find B, C, a. 

Ans. B = 48° 46' 9", C = 12" 57' 51", a = 741.85, 

2. (JiTen A = 78° 12', h = 146, c = 174, to find B, C, a. 

Ans. B = 44° 45' 17", C = 57° 2' 43", a = 202.98. 

3. Given B = 53° 18', a =^ 640, c = 364, to find A, C, h. 

Ans. A = 92° 3' 46", C ^ 34° 38' 14", b = 513.4C. 

4. Given C = 67° 29', a = 27, i = 22, to find A, B, e. 

Ans. A = 63° 39' 1", B = 46° 53' 59", e = 28.213. 
6. Given C = 54° 26', « = 123, 5 = 93, to find A, B, c. 

Ans. A = 77° 53' 46", B = 47° 40' 14", c = 102.33. 

6. Given A = 66°, h = 324, e == 456, to find B, C, a. 

Ans. B = 44° 20' 41", C - 79° 39' 19", a = 3842.9. 

7. Given /I = 66° 10', h = 345.6, c = 664.8, to find B, C, a. 

Ans. B = 37° 37' 47", C = 86° 12' 13", a. = 470.18. 

8. Given a = 294, b = 114, C = 108° 24', to find A, B, c. 

Ans. A = 53° 27' 1", B = 18° 8' 59", e = 347.27. 

9. Given a, = 32.64, 6 == 46.82, C = 44° 12', to find A, B, c. 

Ans. A = 44° 10' 32", B = 91° 37' 28", c = 32.654. 

10. Given b = 3463.8, a. = 1896.4, C = 45° 28', to find A, 
% e. Alts. A = 32° 21' 20", B = 102° 10' 40", c - 2525.9. 

11. Given a = 266, o = 438, B = 06° 24', to find A, <■, h. 

12. Given b = 374, e = 562, A = 104° 32', to find B, C, a. 

13. Given a = 235.4, b = 392.4, C = 53° 18', to find A, B, e. 

14. Given ■; = 822, b = C54, A = 57° 32', to find B, C, a. 
16. Given .1 = 54° 20', h = 638, r, ^ 362, to tinj /;, r, „. 
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1 angle op^Msite q 



■of 



Let the given parts be a, l>, A. 

Let us first undertake to construct the triangle geometri- 
cally. At any point, as A in the line PQ (Fig. 33), construct 
an angle QAE equal to the given angle A. On AR take AC 
equal to the given side 5; with C as a center and a radius equal 
to the other given side a, describe an arc. Then, if the side 
a is less than the perpendicular CD, the arc wiE not cut PQ 
and the consti'uction will be impossible. If the side a is just 
equal to CD, the arc will touch PQ at D and the right triangle 



ADC fulfills the given conditions. If a is greater than CD 
but less than CA (b), the aie will cut PQ in two points, Bj and 
B^ and by joining each of them to C we form two triangles 
AB,C and AB^C, both of which satisfy the given conditions if 
the angle A be acute. Here, then, tliere ai'c two solutions. 

Note that the angles Ali^C and ABiO are supplementary, Why ? 

If a is greater than CA, the arc will cut PQ in two points, 
but on opposite sides of A. By joining B^ with C we form a 
triangle, ABsC, which fulfills the given conditions; but the 
triangle AB^C, formed by joining B, with C, does not ; for the 
angle CAB^ is not equal to the given angle A. Hence, in 
Case ", which is called the nmliguoits case, the problem jnay 
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By the law of sines, — — = -■- sin B = 



PLANE TIUCONOMETRY 

ble, or it may have oae solutiou, or it may have 
two solutions. Two solutions are possible only ivhen the side 
opposite the given angle is the less of the two given sides. 
The student should draw a separate figure tor each cme. 
We aball now ilhistrate the ti-igortometrioal solution by 
examples. 

1. Given A = 54°, a = C4, & = 53, to find B, C, c. 

53 X sin 54° 
(i4 

This determines the value of sin B. But any angle and its supple- 
ment have the same sine. We must, therefore, accept, as values of IS, 
not only the acute angle found in the table corresponding to the com- 
puted value of sin B, but also its suppleBient, unless a reason can he 
asaigned for rejecting one of ttem. Applying logarithms to the equa- 
tion above, we have 

log ain B = log 53 + log sin 54" - log 64. 
log53= 1.V2438 
log sin 54° = 9.6Q796 - 10 
11.63224 - 10 
log64= 1-80618 
logsluB= 9,82606-10 
The oorrcaponding angle in the table is 42° 3' 56". Ila supplement is 
137° 56' 4". This value must be rejected; for, in this example, b is less 
than a and, therefore, by geometry, B must be less than A. 
Hence, we have B = 42" 3' 56". 

To find C, we have C = 180" - (yt + 7!) = 83° 5(1' 4'-'. 

To find e,., we have ■■ = — — '-■ • 

log c = log a 4- log sin C — log sin A. 
log 04= 1.80618 
log sin 83° UV 4" = 0.9i)T5» 

11.80.174- 10 
log sin 54° = 9.H07illi - 10 
logc= 1.80-578 

c sill C '^ = '78.(>I15. 

Check. - = - — - ■ 

Apply this (esl. 
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2. Let a = 172, b = 213, A = 18°. 

To find B, we have ?!^ = -■ 
sin A a 
.-. log sin B = log 6 + log eixiA- log a. 

log 213 = 2.32838 
log sin 48° = aSTlOT - 10 
12.1t)!M&- to 
log 172 = 2.23553 
log sin B= 0.!I63!)2^10 
'I'lie corresponding angle in the table is 66° 58' ; 
its supplement is 113° 2', Both these angles 
fulfill the condition B>A, and we have two 
solutions. Denoting the two values of B by 
Bi and Ba, 

Bj = 66° 68', ^2 = 113° 2'. 

In the triangle ABiC (Fig. 34) denote tlit." . . , 

angle^CBiby Ciandtheside^Bibjci. Then, -^ ^a ^i 

Ci = 180° -iA + Bi) = 66° 2'. fj<j. al 

To find ei, wo have ^ = ^^^ ■ 

.-. logci = logo + log sin Ci — logsiii^. 

log 172 = 2.23553 

log sin 65° 2' = 9.96739 - 1 

12.19202 - 10 

log sin 48° = 9.87107 - 10 

logCi= 2.32185 




e ABU by c,. Then, 



e triangle AB^Ci denote the angle AC'Bi by Cj and 






nC, 



■-{A + Bi) = 18° 58' ; 



log d =^ log o + log .sin C'a — log si 
log 172= 2,23553 
log sin 18° 58' = 9,51191 - 10 
IL 74744 - 10 
log Bin 48° = 9.87107-10 
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Hence, wo have for the required parts the two seta of values ; 

1. Bi==66°58', Ci = 65°2', <;, = 209.83. 

2. Bs = nir2; 05 = 18° 58', C2 = 75.227. 



Solve the following triangles : 

1. Given a = 540, 6 = 48(!, ,1 =^ 32° 14', to fiiia 7J, C, c. 

Ans. B ^ 28° 49' 57", C = 118° 46' 3", c - 883.4. 

2. Giveu '( = 481.34, h ^ 358.26, A = 36° 24', to find B, 
;, c. ^?js. L' - 26° 12' 38", C = 117° 23' 22", c = 720.22. 

3. Given a=^2S, c ^15, A = 104°, to find B, C, h. 

Ans. B = 44° 40' 54", C - 31° 19' 6", b = 20.291. 

4. Given a = 22.5, S = 40.4, ^ = 42° 14', to find B, C, c. 
Ans. 1. Bi = 41° 33' 52", C, = 107° 2' S", Ci= 516.29. 

2. n. = 138° 26' 8", Cj = 10° 9' 52", c^ = 95.293. 

5. Given o, .= 88, & - 136, -4 = 32°, to find B, C, e. 

Ans. B = 54° 58' 53", C = 93° 1' 7", c = 165.83. 

6. Given b ^ 480, c = 361, C = 46° 4', to find .1, B, a. 
Ans. 1. 5, - 73° 14' 30", A^ = 60° 41' 30", a, = 437.13. 

2. iis = 106° 45' 30", Jj = 27° 10' 30", u^ - 228,94. 

7. Given & = 356, c = 716, £ -^ 43°, to find A, C, a. 

8. Given a = 342, b = 368, B = 18° 12', to find A, C, c. 

Ans. A = 16° 52' 26", C = 144= 55' 34", o = 677.07. 

9. Given a. = 41.4, & = 52.8, .1 = 40° 19', to find B, C, c. 
Ans. 1. Bi = 55° 36' 20", C, = 84° 4' 40", e = 63.C46. 

2. Ba - 124° 23' 40", C\ - 15° 17' 20", o - 16.872. 

10. Given a = 461, c = 513, C = 39° 56', to find A, B, I. 

Ans. A = 35° 13' 37", B = 104° 50' 23", b = 772.56. 

11. Given « = 32.4, li = 23.1, -I = 36° 17', to find li, C, r. 

12. GivQn I. ■-= ISCk <: = 1 27. /; - C<T 12', lo find .1, C, a. 
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13. Given ,1 = 42° 14', a = 52.0, b = 40.4, to find Ji, C, c. 

14. Given iJ = 46° 28', 5 ^ 241, c = 324, to iintl .1, (.', «.. 

15. Given C = 38° 15', c = 48, 6 = 36, to fintl .1, /(, a. 

"Without actually solving tlie following triangles, ascertain 
liow many solutions are possible in each case ; 
10. Given A = 36° 40', a = 276, 6 = 251. 

17. Given B = 41° 13', b =. 18, a = 43. 

18. Given C ^ 43°, a = 27, S -= 36. 

19. Given A = 56", a = 203, b - 222. 

20. Given B = 33° 14', b = 213, c = 165. 

49. We shall now derive formulas for finding the angles of 
a triangle when the sides are given, in order to solve Case 4. 

Law of Cosines. In any triangle the square of one side 
equals the sum of the squares of the other two sides minus 
twice the continued product of those sides and the cosine of 
their included angle, or, in symbols, for the side a, 

a^ = b' + c^ - 2 be cos A. (32) 

To prove this, consider first the case 
whei-e A is acute {Fig. 35). Draw the 
perpendicular BD. Then, DC = b — A3). 
Squai'ing, and adding BD to each meni- 

bar, I*,.;, aa 

!)(? + inf = h^ — 2b-AD + Tj/ + lijf. 

For Uc^ + Blf substitute «^, and for J // + 'bd'^ substitute 
f^, and we have 

a^ = ¥- 2b.AJ> + c\ 

I'nxt - — = cos . I , 
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Sutetituting this value for AD, 

a^ = h' + e"--2l>c<:osA. 
li A is obtuse (Fig. 36), we have 
CD^b + AD. 
Squaring, and atlcUng lU/ to each member, 

(rr/ + Ulf = P + 2[>'AI) + ATr + bd\ 
ji or a'' = b^ + G''-}-2b-AD. 

liut - — = cos BA O =: — cos A 



C since the cosine of an angle equals the 

Fia. 30 negative cosine of its supplement. 

.■. AD = -~ ccos vl. 

Substituting above, a? ■= b"^ -\- 'fl — 2 ho cos^-l. 

Similarly, &^ = a' + c^ — 2 ae cos B. 

c' = a^ + b^- 2abcos C. 

50. From the law of cosines we can find the cosine of any 
angle of a triangle in terms of the sides. Thus, solving the 
above equations, we have 

(3.'!) 





b' + c' - 


a^ 




2ljc 






o? + t= ~ 


i^ 




a^ + b'~ 


<;^ 



2ab 






These formulas can be used to liTid the : 


ingles wliei 


11 the 


iides are given. 






EXAMPLE 






Given a = B,,b = 12,c = 15, to find A. 






CO- I V ■¥<!"- a-' 144 + 225-6* 30S 
26c 2x12x1.'-) 3(i6 


= 0.84722. 
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51. The formulas of the preceding article are not adapted 
to logarithmie computation [why?], and we proceed to derive 
formulas for the functions of the half angles, in which loga- 
rithms may be advantageously employed. 

To express cos ^ A in terms of a, b, c. 

By fonuula (26), 

2 cos^-J-.l = 1 4- cos A. 

For cos.l substitute its value as given in Sec. 50, and we 

7,2 _L ^2 _ „2 

2cosH.-l = l + 



2 6c 
2be + b^ + o'' 
2 be 



(b + cy~ 


-a" 


2 bo 




(b + c + 


a) (fj + r- a) 



'Sow, let 


b + c + 


a = 2s 




Then, subtracting 2 a iron 


1 each member. 




b + e- 


<. = 2(. 


!-»). 




. 2 cos"| 


I *• 


f»-»1 






2Sc 




.-.fosi 




,(.-.) 



Since J j1 < 90°, cos ^ /] is positive, and the positive sign 
to be used with the radical. 



Tn like i 


namier, 




(.-4) 






(•'-«) 




('6 
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52, To express sin {- A in terms of a, b, t 



V.y formula (25), 



2 be 




2 h6 -b-'-c^-^- 


/,^ 


2 be 




„! _ (p -2be + 


<'-^ 


2 be 




a^-ib-ey 




2 be 




(a + b-c)(a~ 


/, + ,..) 


2 be 




2G,-c)x2(^- 


'A 



Similarly, 



■ 


I terms 


-»)(.-c) 


* 


be 


sin^yj 


- «)(• - <■) 




■ 


- «)(.. ~ S) 


tan 1 A i 

B, by div 


of a, b, c. F 


sinj.l 


=i- 


-S)(. -c) 


cos^.l 


6c 


1 A 




- b) fs - c) 


^ 


.(8-a) 


I /■ 


-„)(,,-») 


' 


s(s-5) 


tan .! '■• 


-»)(■-*) 
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54. We 3X0 now prepared to solve 

Case 4. Given the three sides of « trkinylc, to Jind the 
three angles. 

We may find the valuea of the half angles by usinf^ tlie 
foi'iiiulaa for the sine, the cosine, or tlie tangent, but a niodiii- 
cation of the tangent foimnla furnishes the siuipleMt solution. 

Thus, from fonnida (36), 

Jlultiplyiug luunevator and denominator by s — a, 






tan4-_l 

tan ^ A = 



i- V^' ->":'-: 



'-)(■■ 









EXAMPLE 




Oivea a 


^ 


12fi, 6 = 


.■J22.G, 6' = 253, 
a = 12(i 
6 = Z22.G 


to find A, n 


We have 






s-3r.0.H. 

« - (» = 28,2. 
s - c = 07.8. 
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-. 1 [log(» - a) + log(s - 6) + log(« - c) 

log(s- a) = 2.35180 

log(s-6) =1.4B02S 

log (3 - c) = 1.99034 

5.70239 

log3 = 2.54506 

2)3.24733 



log tan i J. = log r — log (a — ( 

logr=ll.C2367-10 
log(s - (t) = 2.35180 
lost,aiii^= 0.27187-10 
iA = W 85' 38". 
^ = 21° 11' 6". 



log»-:=l.G2867 
log (S - fc) = 1.45026 
logtanJB^O.17342 

iB=56''8'49". 
B = 112= 17' 88" 



ta.niC-- 



.niC= 9.03333-1 
i C = 23" 15' 3T. 



C = 40° 31' 18". 
Check. A +B + C = 180° 0' 2". 

How many logarithms had to lie looked up in solving by this method ? 
How many would liave to be looted up in finding llie half angles by tlie 
fine formulas ? How many by the cosine formulas ? 

EXERCISE 

Determine A in the above example liy tlie use of formula (34). 
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Solve tlie following triangles : 

1. Given a - 10, i - 11, c = 13. 

Ans. A = 48" 22' 8", B = 55" 18' 12", C = 76° 19' '12". 

2. Given a, = 342, b = 436, c = 388. 

Am. A = 48° 36' 56", S = 73° 2' 26", C = 58° 20' 38". 

3. Given a - 3820, b = 4536, e = 2654. 

Ans. A = 57° 14' 44", B = 87° C 4", C = 35° 45' 8". 

4. Given a = 4004, 5 = 5056, c = 7012. 

^ws. ^ = 34° 7' 20", B = 45° 5' 64", C = 100° 46' 50". 

5. Given a - 126, & = 322.6, c = 253. 

^n^. ^ = 21° 11' 6", B = 112° 17' 38", C = 46° 31' 18". 

6. Given a = 78, 6 = 131, c = 146. 

Atis. A = 32° 5' 16", B = 64° 1' 26", C = 83° 53' 22". 

7. Given a == 0.506, 6 = 1.234, c = 0.936. 

^M. ^ =^ 21° 56' S", fl = 114° 21' 18", C - 43° 42' 34". 

8. Given a = 200, h = 160, c = 174. 

Ans. A = 76° 50', B = 46° 39' 6", C = 57° 3'. 

9. Given a = 16,7, 5 = 32.1, c = 23. 

Jm. A = 29° 51' 50", B = 106° 50' 18", C = 43° 17' 64". 

10. Given a = 19.61, 6 = 26.41, o = 13.54. 

Ans. A = 46° 3' 40", B = 104° V 36", C = 29° 48' 50". 

11. Given a. = 20.9, h = 30.3, c = 41.8. 

12. Given a = 521, & = 624, c = 728. 

13. Given a = 0.921, 6 = 0.1264, e = 0.714. 

14. Given a = 1046, 6 = 1523, c = 2286. 

15. Given a = 426, & = 150, c = 174. 

55. To find the area of a triangle. We know, from geometry, 
that the area of a triangle equals one half the product of its 
base and altitude. That is, A' = ^ bp, where K = ai'ea, b = base, 
p = altitude. 
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1. To find the ai'ea in terms of two sides and ihi'li- hiolmhd 
awjU. 

Let the given parts be o, h, C. Draw the perpendicular 
BD =:p (Figs. 35 and 36). We have 
/: = i Ip. 
But p = a ain C. 

.■.K = ^absinC. (3S) 

Or, the area of a triangle equals one half the, product of fwo 
sides times the sine of their included angle. 

2. If one side and two angles are given, find another side 
by the law of sines and apply formula (38). 

3. To find the area in terms of the three siden. 
By formula (38), K = J a5 sin C. 

By formula (20), and the formulas for sin J C and cos ' C 
in Sees. 52 and 61, 

sin O = 2 sin i C cos i 



^V53| 



)(.'-'».. 



Substituting in formula (38), 

K = V=(._a){,-l,){8_c). (39) 

To find the ai'ea of a right triangle, one leg may be taken 
IS the base and the other as the altitude. If either leg is 
mknown, iind it by using the given parts. 

EXEHCISES 

Find the area of each of the following triangles : 

1. 0. = 480, b = 360, C - 62° 42' 16". Ans. 76778. 

2. h = 345, c = 423, ^ = 38° 17'. 

3. .-l = 50° 50' 50", n =^ 60° 22' 16", a. = 481.622. 

A71S. 121197. 

4. (t = 484, b = 346, c = 422. Ai/s. 71256.4. 

5. a = 14,% b = 257, e = 198.4. 
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MISCELLAMEOUS EXERCISES 

1. From Uie ends of a base line, EW, 900 feet long, obscrvalionM were 
taken on an object, B, and the following: angles measured: EWll — 
85° W, WEB = 67" 51'. Find Ell and WB. 

Ana. 1087.4 feet; 1840.3 feet. 

2. Two cyclists start at 4 p.m. from the intersection of two straight 
roads whicli meet at an angle of 40°. One travels at tlie rate of 8 miles 
per hour and the otter rides s. 28-inch wheel, averaging 120 revolutions 
per minute. How far apart are they at 5 : 15 p.m. ? Ans. 8.043 :niles. 

B = 75°, C = 40° BO = 2«0. BD is drawn to 
.eADB=^Z5''. Find^D. Ans. 107.4. 

i. An observer in a balloon finds that the angles of depression of two 
points on level ground and in the same vertical plane with the balloon are 
33° 22' and 22° 18' respectively. If the distance between the objects is 
1200 feet, find the height of the balloon. Ans. 1304.7 feet. 

5. From a point, A, in a road running north and souti, the bearing 
of a church steeple was found to be S. 36° 22' E. ; and from a point, B, 
11180 feet south of A, it was found to bear S. 83° 15' E. Find the shortest 
distance from the church to the road. Ann. 1G02.1 feet. 

6. A roof is inclined to the horizontal an angle of 45°, and the ridge- 
pole runs east and west. At midday a lightning rod extending 8 feet 
above the ridgepole oasts a shadow on the roof 15 feet long. Find the 
altitude of the sun. Ans. 60° 18' 52". 

7. From tlie ends of a base line, JIN, 450 feet long, observations were 
made on a point, P, with the following results ; Z NMP = 49° 51', 
ZMNP=n(y50'. Find 3/P and ffP. Ans. 1271,4; lOSn.8. 

8. A roof is inclined to the horizontal at an angle of 00°. A flagstafE 
standing on the ridgepole breaks at a point 12 feet from its base, and falls 
so that the end rests on the roof at a point S2 feet from tlia base of the 
staff and 10 feet from the ridgepole. Find the height of the staff. 

Ans. 43 feet. 

9. From two points, A' and B', in line with the foot of a tower {A the 
more remote), the angles of elevation of the top of the tower are A and B 
respectively. If AB = o, show that the height of the tower is 



y Google 



80 I'LA.N'K TRKiOXOJIKTKY 

10. A and B are two points in the same horizontal plane with Q, tlie 
foot of a tower. At A and B the angles of elevation of P, tlie top of tlie 
tower, are measured ; also tlie angles QAB, QBA, Denotini- tliese four 
angles by A, B, A', Ji" respectively, and AB by c, and tiie heigbt of tlie 

*"" "'' '■ """' '"" ' = ^\1°+B^ ""' ° ^^fw, *" "■ 

11. In a trapezoid ABCD, AD ^ BC ~ c, AB = a,DC~ b, DB = d, 

Z ABB = m, L ABB = n. Show that d = - ?"* —. "'""' , 
Bin(2i« + n) 

13. If an angle of a triangle be doubled while the including sides remain 
constant, will the area be increased or diminished ? 

13. A base line, EW, GOO feet long was measured on the tflp of a dam 
and the following angles were read : WEA = 110" 50', BEW-Gl" 51', 
AWE ^ id" 51', EWB-S5'-IQ'. Find ^B. Ans. 1492.4 feet. 

14. Tlie angles of elevation of the top of a tower from two points, A 
and B, in line with its base are 45° and 30° respectively. IfAB^a, sliow 
that the height of the tower is — . 

V4 - a Vl) 

15. A boy flies a kite over a level plane when the sun is due south ; 
the altitude of the sun is 60° and the wind blows in the direction N. 60° W. 
The line from the boy's position to the shadow of the kite is 4S0 feet long 
and bears N, 82° W. Find the height of the kite. Ans. 300.44 feet. 
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GEOMETRICAL APPLICATIONS 

56. To find the radius R of the circumcircle. A circle passing 
through the vertices of a triangle is called tlie circur)isa)-ibed 
eircle, or Gireuntcirele of the triangle. Its center is called the 
eireunieenter. Let (Fig. 37) be the circumcenter of the 
triangle ABC. Draw the perpendicular OD. Then, 
/: ]■.(>}) = A. Why? 
_ 7J D _ ;3- a 




57. To find the area of a triangle in terms of the radius of the 
circumcircle. ]>y loniiula (38), we have 

A' = J ah sin (7. 
liut sin C = —-- ■ 



EXERCISE 

= 2 7;= sill A sin fi shi ('. 
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58. To find the radius of the incircle of a triangle. The 
inscribed, circle of a triangle is called the ineircle. Let l)e 
the center of the ineirole of the triangle ABC (Fig, 38) and 
r its radius. Then, by geometry, O ia the intersection of the 
bisectors of the angles A, B, C. Draw 0I>, OK, OF to the 
points of contact. Then, 




i-l': + F.A ^h. 
.!/••+ FB = r. 
Adding, and remembei-ing that, 
ii by geonietiy, AF - AE, DC = CE, 

Fig. 33 7,-^ ^ JJ})^ 

2.-1F+ 2 ;;/■> + 2CD = a + h + c = 2.-i. 

.-. AF + (III>+ CD) = s, 

.ir+a = .. 

.-, .1/.'=.'; - a. 

OF 
L, tan0.17' = --,- > 






.[ =- 



Hence, r = (s 



)■=(,>,■ -ft) tan ijA. 
r = (s — b)ta,ni^P.. 
1' = (s — e)tan^ C. 
- a) tan ,} .[ ^ (s - /,) tan ^n = (,^ - 



f ) tan .V 



59. To find the radii of the escribed circles. A circle touching 
one side of a triangle and the other two produced is called an 
eserihed circle of the ti'iangle. . Let (Fig. 39) be tlie center 
of the escribed circle touching tlie side P.C (a) of the triangle 
ABC. Denote its radius by r^. The points of contact being 
B, 7i', F, we have, by geometry. 
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.■.2s = AJ! + JJ/J + J)C +AC 

- AB + J!F+ CE + AC 

^AF+AK 

= 2 A V. 

.-, AF = )i. 

O.I/'-- 1 .1. Why? 




Hiinilarly, v^ = s tan \ JS. 

r, = .^ Uii i f, 

60. To find the area of a triangle in terms of the radius of the 
incircle. We have, from Fig. 38, 

A HOC = ,1 fa. 
A AOr ^ l-i-h. 
AAl>J;==^Jrc. 
V.y addition, A AJW = ljr{,i + h + /■), 

61. To express K in terms of the radius of the incircle and the 
radii of the escribed circles. Ki'om Seis. 54, 



From Ser,. 5f), tan I .'1 = - ■ 



.r,. = r„(,.-a). 

A' = cv. 
.A- = r„(.v-.). 
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Similarly, '■''^'tCs -h). 

By multiplication, A'* = n\,ri,r^ (a — a) (s — h) (^ — c). 
But, by formula (39), 

62. We have, froni equations in the preecding section, 



EXERCISE 



J'rove the relation - — |- ^ — \- j = —, wliere /(„, /ij, /i, 



/(., 



the altitudes of the tviaugle AB(' and r the radius of the 
ineircle. 

63, To find the distance from cir- 
cumcenter to the incenter in terms of 
R and r. Let O be the cir cum center 
and / the incenter of the triangle 
A BC (Fig. 40). Draw the diameter 
'1^' BE perpendicular to BC. I is in 
the bisector of the angle BAC. 
.'. AI produced passes through J>. 
Through 7 draw the diameter IITG. 
Then, by geometry, 
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/// x io- = ai x id, 

or (U + Ot)(n - <H) =r-. A] X H). 

.-. W— Oi^ = Al X I'D- 
To find blie vjilue of 01, therefore, it ia necessary to find 
values for A I and ID. Draw IF perpendicidai- to AC. Then 

AF = r, 

and, fi-om tlie riglit triangle AFI, 



Now, prove ])l. = DC. Z DIG is an exterior angle of the 
triangle AIG. 

.-. Z.DIC = /-lAC + Z.AC1 = \A +^C. 
Erom the figure, Z DCI = Z DCB + Z i;ri 
= lA + \ C. Wiiyv 

.■. Zdk: = ^DCJ. 

.-. JD = DC. 
Kow, from the right triangle DCK, 

DC = BE s'm DEC. 
But DE =^2R, 

and Z 7J/;C ^^A 

.-. DC = ID = 2 n sin ^A. 
Substituting thuse values for AI and ID above, 

.■. 01 = V/;" - 2 /;r. 

64. To find the area of an inscribed quadrilateral in terms of its 
sides, Jn Fig, 41 let 

. I /,> = a, nc = //, CD = 0, J) A = ff, area of ABCD — S. 
Xow, area of A AIll' = ^ "b sin /;, 
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and ai'ea of. A A 0( ' = I rd sin J) ^ I edsin li, 

hinc.e Z. I) is the supji lenient of Z. 11. 
Why BO V 

.-, S — ^{ab + c(/) sill if. 
It is neeessaiy, therefore, to find siu B. 
In triangle ABC we have, by the law 
of cosines (Sec. 49), 

A & = a'' -\- b'^ — 2 ab cos L", 
aiid in ti-iaiigle ADC, 
^'"'- ■" Tc' = c^ + d^ — 2cd eoa D. 

Equate the two values of .IC, and for cos JJ substitute 
— cos )}, and solve for cos /;. We find 

a"- 4- /,' - c^ - if- 
'"'"'- •liab + cd) 

■-..in^;i=i-ccs-/f^i- Pt;;-'^^-'n ^ 

L 2(al + i-d) J 
4 (3^ + n<;)' - (<t^ + b-' -c"- d")^ 
4.{ab + ,:df 
_ l2{ah-\-od)-V{a^+b^-c^-d^)-]\2{ah+cd)-{a"-+b"--'''-<l-n 





\„'+2al,+lf- 


-{.;'-2rf+(i')][«"+2( 


rf+<P-(n>- 


-2,,J+(,')] 




Ua + hf 


-(c- 


4{o*+c,i)' 


2!1 






(o+i+c- 


-')(■ 


'i+h-c+ilyie + d + c 


.-S)(' + <'- 


-« + 4) 



2 , = o + 1 + „ + ,;. 

s - 2 /' - (( - t + c + rf = 2(s - 6). 
>-2c .,, + S-e + ,! = 2(,-t). 
s-2,;_,. + i + c~J = 2(j-,0. 
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^ i(,-a)(>;-l)(.,-r)(s 





Ktitutiiig this 
we have 


^ ah + cd 
value of s 

ai + cd ^ 


(.S 


+ ody 






Sub 
above 


1 IJ ill 


the expi 


essiou 


for .i' 


i' = 


-•)( 


-»)(»- 


•)(»- 


■i). 



= V(.-o)(.-S){»-<i)(.-<i). 

65. Angles that can be constructed geometrically, and their 
Functions. Let us inquire what angles, expressible exactly in 
degrees, i.e., containing an integral number of degrees, can be 
constructed with ruler and compass. 

The construction can he made to depend in each case upon 
the inscription of a regulai- polygon in a circle. We can, by 
geometiy, inscribe regular polygons "^^ o 1) 

three, four, five, fifteen sides. The cen- \ ,';\ / 

tral angles subtended hy the sides of \ / | '\^ / 
these polygons are 120°, 90% 72% 24° \Z_1_Ja/ 
respectively. The regular polygon of 
seventeen sides and certain others may 

also be inscribed with ruler and compass, but the correspond- 
ing central angles ai'e not expressible exactly in degrees, and 
these cases will not be discussed. 

Since an angle may be bisected, we may construct the follow- 
ing angles, without introducing fractions of a degree ; 

120% 60% 30% 15° ; 90% 46° ; 72°, 36°, 18°, 9" ; 24°, 12°, 6°, 3°. 

Each of these angles is a multiple of 3°. Corresponding 
to each of these central angles, we may construct a regular 
inscribed polygon, and the interior angles of the polygons 
must be added to the list of angles that can be constructed 
with ruler and compass. But if J BD (Fig. 42) be one of such 
interior angles, we have 

U/JJ = -'-.IZiD = 90°- ;, c. .-. -IL'/J = iSO° - (A 



y Google 



88 PLANE ■I'RIGOA'UilETRY 

And since ISO" and O are multiples of 3°, - 1 B!) is a multiple 
of 3° ; so also are the angles formed by bisecting these interior 
angles successively as many times as it can be done without 
introducing fractions of a degree. Hence, every angle express- 
ible exactly in degrees, that can be constructed by ruler and 
(jompass, is a multiple of 3°. All such angles are included in 
the series 3°, 6°, 9°, 12°, 15°, ■ ■ ■ . 

The angle 3° is constructed, as we have seen, by beginning 
the eenti'al angle 24° and bisecting successively three times, 
giving the angles 12°, 6°, 3°. 

To construct any no-ultiple of 3° we liave only to apply the 
chord of this angle the requisite number of times to the cir- 
cumference, and join the first and last points of division to 
the center. 

If we admit now angles not expressible exactly in degrees, 
we may, by successive bisections, construct any angle included 

N 
in tlie form ^i where N is 3°, or any multiple of 3°, and n 

any integer. And since angles may be added or subtracted, 
we may also construct any angle included in the more general 
form 57, ± ^ ' where N and M ai-e multiples of 3°, and u and 
rii any integers. 

EXERCISES 

1. Make a list of all the acute angles expressible in degrees 
that can be constructed geometrically. 

3. Assume values for N and n in the expression ^ and 
determine four angles, each less than 3°, that can be con- 
structed geometrically. Thus, let 

N = &'% u = 3. Then, ^ = — = 45'. 

We sliall now show how to find tlie functions of 3°, and 
from tlieni tlie I'unctio^is of any multiple of 3°. Since 
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3° := 18° — li)°, we sliLiIl ih'st wliuw liuw to iind the functions 
of 15° and 18°. 
By formula (25), 



and, Ijy formula (26), 

2 cosnS" = 1 + COS 30° = 1 + -^ ■ 



cos 16° = ^ 

From cither of these the other functions may be found. 
For the angle 18° let AB =^ a; be the side of the regular 
inscribed decagon, and let AO = II (Fig- 42). 
Then, by geometiy, 

1. ^'(^^-''-) 
whence, x = -^ 

ic V5-1 

. . COS 18 = j^ 

Xow, 
sin 3° = sin (18" - lo°) = sin 18° cos 15^ - co-s IS" sin ly°, 

, . „ V5 - 1 V2 + V3 V5 + V5 V2 ^ V3 
or S1U.3 -— ^2 - 2 2 ■ 2 ■ 

The other functions of 3° may be found in a similar way, 
or by Sec. 32. 

For sin C, put x =- 30° in formula (20). 

For sin 9°, })ut 3^ = (>", y = '.f in formula (tl). 
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By successive applications of foiinnlas (0) or (11) we can find 
tlie sine of the sum or difference of any two multiples of 3° 
whose sines and cosines have heen previoiisly found. Having 
found the sine and cosine of any angle in the series of multiples 
of 3°, we may find the sine and cosine of half tlie angle by 
formnlas (25) and (26). IVe may, therefore, find the sine, the 
cosine, and the other functions of any angle included in the 

N.M . 
form —± — 1 given above. 

MISCELLANEOUS EXERCISES 

1. Find llifi valufs of Uie following in the form of aiirds as n.bnvG ; 

2. Prove Hie relation F^ = H^ + If^, where P, JI, D are tlie sides of 
the regular inscribed pentagon, hex^on, decagon respectively. 

D bas been deterLnined above; from a figure liud P=3i'Biii Sti". 

n of 00 
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KADIAH MEASURE, OR CIRCULAR MEASURE; INVERSE 
FUNCTIONS i GENERAL EXPRESSIONS 



66. Radian Measure, or Circular Measure. To measure 



any 



lagnitude of the same 
.n allele is to tiiid i 




magnitude is to fiucT its ratio to some n 
kind taken as a unit. So, to measiu-e a 
ratio to some constant angle taken as a 
unit. What tlie unit angle shall be, is 
entirely arbitrary. A unit in eomnion 
use is an angle of one degree ; other 
units are angles of one minute, one 
second, a right angle. Still another 
unit, whose use is convenient in ana- 
lytic work, is an angle called a radian. 
Let A (Fig. 43) be tlie center of a 

circle, and J3A C a central angle whose sides intercept an arc 
BC equal in length to the radius *'. The angle so determined 
is called a radian, or the unit of cirmdar measure. The cir- 
cular measure of aii angle, therefore, is its ratio to one radian. 
To obtain a relation between degrees and radians, compare the 
angle BAC with the straight angle BAB. By geometry, cen- 
tral angles in the same circle have the same ratio as tlieir arcs. 
Z /;.!/) ^ aro BCD 
' ' iCBAC^ arc BC ' 
But arc BCD ^ ttc [wjiy?], 

and, by hypothesis, arc BC = r. 
(^ s traig ht angle tti' 



Henue, 



one radia 
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-■. one straight angle equals ir times one radian, 
or 180 degrees = ir radians. (40) 

Tliis relation shows that the vadlaii, is a, cousfant angle and 
enables us to convert degrees into radians, or radians into 
d^rees. ]iy dividing each member of formula (40) by w, we 



EXAMPLES 

1. How many ladiaiis in an angle of 10o° ? of 90° ' 

From formula (10). 1° = — - radians. 

' " 180 

.■, 105° — -— — radians = .''., it radiai 



For « substitute 3.1il(l, and we find 

105'^ = 1.8326 radians. 
Similarly, 90" = — — radians =: ■■- radians. 

The circular measure of a rigid angle is, therefore, — ; and for a 



2. Express 2^ radians i: 

From formula (40), 1 radian = — degrees. 

■ -21 radians = - x — de-rees 

For tt substitute 3.1110, and reduce. 

Tlie symbols °, ', " tor degrees, minuMs, seconds are familiar. When 
the numerical value of an angle is given without tlie use of auch symhols 
or without naming the nnit, it is understood that the unit is one radian. 
Thiia,anangle -means- of aradian; an angle - means one half sradians. 

Aa a symbol for the unit angle, one radian, it is proposed to use tlie 
Greek letter p, writing 3p, |p, J dp, for two radians, three fourths of a 
ra<liaii, three fifttis of nr radians. 
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67. To express tlie length of an arc in terms of its central angle 
and the radius of the circle. Let s be the m.iniber of linear units 
in the are J3CP (li'ig. 43) ; 6 the number of radians in its cen- 
tral angle BA/'. Then, by geometiy, 

aic BCP Z BAP 
arcBC ~ Z.PAC' 



; 120°, U0°, 60°, ir,", 30°, 18°. 
erieal value 

2. Express in degrees one radian, 2.4 p, * nrp, yv ""Pi !■*' P- 
Reduce decimals of a degree to minutes aud secouds. 

3. Express in radians 42''.25, 64° 15' 24", 144° 18' 36", 
5° 44'. 

4. Find in degrees and also in radians the central angles 
snbtended by the sides of regulai' polygons of 3, 7, 8, 9, 10, 
15, n sides. 

5. Find the lengths of the subtended ai'cs in Example 4, 
if the radius of the ch'cle is 16 feet. 

6. In a circle whose radius is 236 feet, what is the length 
of the arc coi'respondiog to a centra! angle of 40°? of 128° 43'? 

7. In a circle whose radius is 16 inches, the lengtli of an 
arc is 3 feet. How many radians in its central angle ? How 
many degrees ? 

8. Express in radians the angles of the following regiilai' 
polygons : a square, a pentagon, a hexagon, an octagon, a 
decagon, a dodecagon. 
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9. Eegarding tlie eai'tli as a sphere, radius 3956 miles, what 
is the length of an arc of 1° ? of 1" ? 

10. Prove that the area, of a sector of a circle is J r% where 
$ is the number of radians in the centi-a! angle and r the 
radius. 

11. Find tlie uujnber of seconds in one radian. 

*68. The 57.3 Rule. Let ABC (Fig. 44} be a triangle in 
which the angle flAC is small and tlie angle B nearly 90°. 
Then the including sides will be nearly equal, and the short 
g side £C, or a, will differ in length but 
little from the arc BD, whose center 
is at A and whose radius is c. 
-^ ^ ^ Let A he the number of degrees 

^"'" *^ and the number of radians in the 

angle DA 0. Then, since (Sec. (iG) one radian equals 57.3°, 
we have 



Also, by formula (41), /;/) = ce= __„ ■ 

Iteplaciug BD by a, which is neai'ly equal to it, nnd clearing 
of fractions, we have approximately 

a X 57.S = c X A. (42) 

This relation is known as the iv"./*' Jiule. It may bo stated 
as follows : 

The short side mitltlj/Ufd hij S7.S equals one of the long sidea 
multiplied by the hwall angle in degreex. 

Formula (42) may be used to find the short aide BC when 
A is given, or ,1 when BC is given. This method is suffi- 
ciently accurate for practical purposes when the small angle 
is less than (j". 
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EXERCISES 
Apply the 57,3 Jlulo- to the sohition of tlie following 
problems : 

1. A straight roadway Is 1320 feet long aiid has a rise of 
21 feet. T"ind its inclination to the horizontal. Ans. 54' 42". 

2. The diameter of the moon subtends an angle of 31' at 
the eai'th, and the distance from the moon to the earth is 
about 240,000 miles. I'ind the diameter of the moon. 

Ans. 2164 miles. 

3. The diameter of the snn subtends an angle of 32' at 
tlie earth, and the distance from the sun to the earth is about 
1)3,000,000 miles. Find the diameter of the sun. 

Ans. 865,620 miles. 

4. The diameter of the earth, 7912 miles, subtends an angle 
of 17".6 at the sun. Find the distance from the earth to the 
sun. Ans. 92,368,600 mUes. 

5. The radius of the earth's orbit is about 93,000,000 
miles. If tlie angle formed by lines drawn from the nearest 
fixed star to the extremities of this radius foiin an angle of 
0".913, what is the distance from the star to the earth and 
how long does it take a ray of light to traverse this distance, 
the velocity of light being about 186,000 miles per second ? 

6. A surveyor, wishing to know the distance between two 
points, A and B, on opposite sides of a river, measured the angle 
BAG' = 5° 44'; tlie distance liC was found by an assistant to 
be 326 feet. BC being nearly perpendicular to AB, find the 
lengtliof J7J. Alls. 3258 feet. 

7. Telescopes at the ends of a line 200 feet long on the 
deck of a eliip are trrnied upon a point on a distant foi-t. 
The lines of sight are found to make angles of 89° 17' and 
8i)° 13' respectively with the given line. Find the distance 
from the sliip to tlie fovt. Jnx. 7640 feet. 
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8. What is the angle subtended liy tlie ladiua of tlie 
earth's orbit at the pole star, if it takes its light 42.4 years 
to reach the earth ? 

9. The diameter of a sphere is 1 yard. At what distance 
will it subtend an angle of 1" ? 

10. Find the length of an arc of 1' on the earth's surface, 
regarding tlie earth as a sphere, radins 395ii miles. 

IKVEKSE FUNCTIONS, OR ANTIFUNCTIONS 
69. From the right triangle ACIJ (Fig. 45), we have 



hicli is read: ^1 in an anffle whose 

The — 1 is not used here as an expo- 
nent. From the flgui'e, A is also an 
angle whose cosine is |. This is 
expressed, similarly, A ~ cos-' J; so 
for the other functions. 

Likewise, sin— 'ai is an abbreYiation for the anf/le whose 
sine is X. sin~^K is also called the antisine of x, or the 
inverse sine of or. 

A — sin-^a; and ic = sin .4 are equivalent statements. We 
have seen (See. 25) that one function does not determine an 
angle absolutely. For example, any angle and its supplement 
have the same sine; and If either of them be increased by 
360°, tlie resulting angles will also have the same sine. The 
least positive value of an antifunction is called its principal 
value. Thus, the least positive angle having \ for its sine is 
30°; i.e., the principal vahie of sin-'^ is 30°; the principal 
value of sec" ' (— 2) is 120°. The principal value of an anti- 
function is sometimes indicated by the use of a capita! letter. 
Thus, Sin-^^- = 30°. 
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EXERCISES 

1. Construct tlie I'ollowing angles: 

Cos-' ^, Tail-' -I, Csc-'(- 2), Tan-' fy. 

2. Find the remaining fnnetions of each, of the alx)ve angles. 

3. What is the tangent of Sin"* |§ ? 

4. Express tan~'5 as an anticosine. 
Solutioji. Let ^=taii— ift. 
Then, tan A - h. 



being unmericallj 



7. Prove COS"' — ^^— = Yersin"^-' 

8. I'l'ove tan-' a + tan~'6 = tan"'- -■ 

Write X = tan-'(t, >j = tan.-''). 

Then, tanx = a, tan )/ = '). 

Bhid tiui (x + y) hi terms of a aucl h hy tonniilii (13). 
I'l'ove the following relations : 

9. Tan-' (-1)+ Tan-' 5 =.Tan-'(- J). 
10. Tan*'!- +2Tan-'i- = ^p. 
1 











Vi 


+ h^ 










.■.A = 


:t«n 


-16 = 


cos-' 


5. 


Show 


that Siir- 


■i« + C'o 




^-^ 


p, a 


rt 


greater 


than 1. 






" 




C. 


Express in radians Cot" 


'1, 


Sec-' 


V3' 
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GENEKAL VALUES OF ANTIEUNCTIONS 

*70. To find an expression which shall include all angles having 
a given sine. Let the value of the given sine be ■: ^ must, of 
course, be less than 1, and we shall suppose it to be positive. 

Let XOP (Fig. 46) be the least positive angle thit has its 
sine equal to s. Let the value of XOP in radiana be $ 

Its supplement, XOP', or tr — B, will also ha\ e >. foi its sine ; 
and if tf be increased by 27r ladiana, or m. times Stt ladians 
where tji is any whole number, the terminal line -wili again 
come into the position OP and eacli of the angles formed will 
have its sine equal to s. All such angles are included in the 

m.2 7r + e, or 2w7r + e. (a) 
Likewise, if XOP', or -rr — &, be 
^^.-^P increased by m times 2 ■jt, each of 
- — ~,? the resulting angles will have s for 
its sine. All such angles are in- 
cluded ill the expression 
m ■27r+(7!--f), 
F,.,« 01- (2.,i + l)7r-e. (b) 

And, conversely, if the sme of 
an angle be s, its terminal line must occupy one of the posi- 
tions OP or OP'. 

Compai'ing these two expressions, we see that when the coetH- 
cient of tt is even, as in (a) (2 in lieing necessai'ily even), the 
sign of 6 is + i when the coefficient of ir is odd, as in (b) 
(2 m + 1 being necessarily odd), the sign of & is — . There- 
fore the angles fl, 2 imr + &, (2 in + 1) tt — ^, and no others, all 
have the given sine s. They may all I* included in the general 
expression n-rr -\- (— l)"fl, where m is or any positive whole 
number. For, if n = 0, this expression reduces to ^; if m is 
an oven nujuber, say 2 m, it becomes 2 tott -1- S, since any even 
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power of — 1 is + 1 ; aiicl if n is an olIcI iiumbei', say 2 in + 1, 
the expression becomea (2 m + l)v — 6, since any odd power 
of-lis-1. 

By giving to n different values, 0, 1, 2, 3, ■ ■ •, wc can find 
any number of angles having the same sine as 6. 



EXERCISES 

1. Show that all angles having a given cosine an 
n the general expression 2mr ±0. 

2. Show that all angles having a given tangent ar 
n the general expression mr + 6. 

3. Name five angles that liave the simif sine n 

,V5 



4. Name six values of cos~' 






Limiting Values of " ■ " — ' - ' and as x approaches the 

Value Zero. J-et .1 OX (Fig. 47) be any positive angle less than 
a I'ight angle aiid let x be the number of radians it contains. 

To prove that as x approaches zero as a limit, a 

1 as its limit. With as a center, and 
with any convenient radius, describe a 
circumference cutting OA at A and OX 
at F. Draw A C perpendicular to OX and (^\ 
produce it to meet the circiunference at 
/;. Dra%v the tangents A D, BD. Then, 
\sy geometry, 

Z nOX = A AOX, AC = CB, 
A D - nn, arc A F = arc 
It is assumed that tlie are A FB is less than 
have, then, 

AF+ FIJ > AC + CB, but < . I D 
or 2AF>2AC, but <2A 
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.-. AF> AC, but <.I/^. 




AF Ar , ,17) 




But, by formula (41), '■—- equals the numiie 


:toCvadiaiis 


,le^OX,i...,^=«ia,s.,fZ.,i„,, 


-^-^ 


We have, therefore, 




X > siu 3-, but < tati J". 




Dividing by sin x, 





^— > 1, but < -^ > or 

sin X sin a; cos x 

But the greater a number the less its reciprocal; .". ■ 

is less than 1, biit greater than coa x. H"ow, as x approaches 

the limit zero, cos x approaches tlie limit 1, and as 

always lies between cos a; and 1, the limit of is also 1. 

tan X _ sin x 1 
^^^"' X ~ X cosx' 

and as x approaches the limit zero, and ■ both 

^'^ X cos X 

approach the limit 1. Therefore, by the theory of limits, 

their product, X -> also approaches the limit 1. 

X cos a; 

*72. Special Solutions. In the right triangle ylCB (Fig. 48) 

let a and c be given. If they are neaaly equal, A is nearly 

90°, and its value cannot be determined with the usual degree 

of exactness from the equation 



For example, let a = 5235, c = 5237.1 By the u 
log sin A = log (( - log c. 
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log5235= 13.7181)2—10 
log 5237.1 = 3.71 i)0!) 
log sin .1 = 9.99983 - 10 
And on referring to the table, we find it impoHsiblo to 
decide wlretlier to take ^ to be 88° 21' 30", 88° 25' 10", 
or some intermediate value. In eirob cases, the follow- 
ing more accurate method should be employed. 
First find {-A "by formula (27). Thus, we have 






Ic-b 



Since A is nearly 90°, ^ A is nearly 45°, and the difficulty 
in determining A is obviated. Before applying the formula 
for tan ^A, however, it is necessary to find b. This is done 
£rom the relation S' = (c + a) (o — a). We have 

c + a = 10472.1. 

c-a = 2.1. 



og 10472.1 = 


4.02004 




log = 


0.32222 




2 


4.34226 




logi = 


2.17113 




J = 


148.3. 




c-6 = 


5088.8. 




. + 6 = 


5385.4. 




log 5088.8 = 


3.70661 




log 5385.4 = 


3.73122 




2 


19.97539 - 


20 


log tan ^ .1 = 


9.98770 - 


10 


hA = 


44° 11' 19' 




A - 


88° 22' 38' 
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* 73. The same difficulty is eiicountei-ed in applying the law 
of sines in Case 3 of oblique triangles, when tlie nnknown 
angle opposite one of the given sides is neai'ly 90°. 

For example, let S == 2, « = 1.06, .1 = 37". By the usual 
method, 

?^sinJ 
sm Ji = 

log 2= 0.30103 
log sin 37° ^ 0.72421 - ] 
10.02524 - 10 
log 1.06 = 0.02531 
log sin .B= 9.99903-10 
And we caiinot decide from the tables whether to take B as 
C 88° 56' 10", 89° 0' 30", or some inter- 

mediate value. 

To obtain the value of B more accu- 
rately, we may proceed as follows : 
Draw the perpendicular CD =p (Fig, 
49), and let DB = t. We first deter- 
mine p from the right triangle ADC, 
then t from the relation f^a^—p^ 
and then apply the method of the last section to find B from 
the right triangle CDB. 

Thus, in the above example, we have 

^ - & sin /I = 2 sin 37° = 1.06983, 
t" = (a -\-p) (a ~p) = 2.11983 X 0.00017. 
log 2.11983 = 10.32630 - 10 
log 0.00017 - 6.23045 - 10 
2 log (-16.55675 -20 
log t = 8.27837 - 10. 
t = 0.01898. 




BiD fi, 



Then, by formula (43), 
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log 1.04102 = 20.01746 - 20 
log 1.0789S = 0.03301 

2 )19.98445-20 
log tan ^7i^ 9.99223-10 
1 IJ = 44° 29' 26". 
a = 88° 58' 52". 

The supplementary value 91° 1' 8" must also be acuepted 
in this case (see Sec. 42), giving as the two solutions the 
triangles ACBi, ACB,. Let the student complete the soln- 
tions, finding the remaining parts for each triangle. 

Ans. For triangle ACB^, C\ = 54° V 8", c, = 1.6187 ; 
for triangle ACE,, C^ = 51° 58' 52", c~ = 1.5758. 

EXERCISES 

1. Given « ^999.7, u= 1000, to find .1. 

Ahs. a -88° 35' 46". 

2. Given 5 = 1, c = 26, to find A, Jus. A = 87° 47' 46". 

3. Given a = 148.228, b = 263, A = 34° 17', to find B, C, c. 

An^. 1. /J, = 88° 5', C\ = 57° 38', c^ = 232.265. 
2. E., = 91° 55', C, = 53° 48', o, = 212.35. 
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SURVEYING 



11 



hnl 



I, tni-!- of Itnl fi>m d ft 



74. Tlie f 1 lameiitil 
computation i the aici 
determine ite boundiiies 

Let ABCDh (Eig SO) 1 e tl e jlot of i f 
mg lines IB J>( 



The 1 inl 

lie ailed 

riip I su^l l(t I f 01 hndmg 

the Ilea of a faim iie the lengths 

and lieaimga of the (ouises The 

lengths 01 dista?ces aie measure 1 

I y means of a, chain oi tape (imj 

tn dm wh eh is m genenl use 

IS t)6 feet lon^ aul ib divulal mto 

100 h ila In oi Im'uy burvej in<r 

beaimga aie meaamed by means (f 

j,j^ ^ A coiipa'is an instrument l\ which 

angles can he lead to quirtei degiee'i 

For more ac late ^cik the en/ ce s f t if readin" to 

minutes, is used The Ji''ld nofh f i the til jl Itel ii 

Fig. 50 ai'e as follow 








lolmlns) 


AB 


N. 40"= E. 


7.18 


BC 


N. 00° E. 


'.'.■20 


CI> 


S. 20° E. 


ly,22 


BE 


S. 00" W. 


11. '12 


EA 


N. 38i" W. 


!-■'- 
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75. Units of Land Measure. TIkj units of laiid iin;asui'Li 
coiniuoniy used are as follows: 

1 rod, or pole = 16^ feet. 

1 cliain = 4 poles = 66 feel;. 
1 acre = 10 squai'e chains. 
Ill aoniQ states Spaiiisli-American. units are in use. )n this 
system the unit of length is the vara, [va'-rii]. In Texas a 
vara is taken to be 33^ inches ; in California, 33 inches. The 
vara used in Mexico is eijuivaleiit to 32.9927 inches. The area 
of. a square whose side is 1000 varas is called a lahor [lil-bOi''] ; 
the area of a squai-e ■whose side is 5000 vai'as is called a 
league. 

EXERCISES 

1. How many square poles in 1 acre ? How many s<iua)'(; 
feet ? How many square yards ? 

2. How many acres in 1 labor 1 in 1 league ? 

3. How many varas in 1 mile ? 

76. Areas by Coordinates. In Sec, 78 we shall show how to 
lind the area of a polygon when the bearings and distances 
of its boundary lines ar-e given. The method will be more 
readily understood after the solution of the following. 

Problem. To find tlit area S of a pohjgov in terms of the 
eoSrdinates of its vertices. 

Let the coordinates of the vertices A, B, C, T), E (Fig. 50) 
be Xiiji, x^i, Xgijg, x^yi, Xs,y^. For convenience the axes are 
so chosen as to throw the polygon entirely in tlie first 
quadrant. Drawing the perpendiculars Aa = x^, Bb = x~, 
etc., we see that the polygon ABODE is equivalent to tlie 
polygon eCDEe minus the sum of the trapezoids aAlib, bBCc, 
and eEAa. The polygon cCDEe is competed of the trapezoids 
cCnd and (WKe. 

.-. ,S' = t^CVd + dDJ-:e—(uJnb + bJJcC + eUAa). (a) 
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The area of each of tliese trapezoids can. 
terms of the coftrdinates of its vertices. For example, con- 
sider the trapezoid cC'Dd. Its bases cC aiid dD are equal 
respectively to Xg and Xt ; its altitude do is eqn&l to 2/3 — J/^. 
Its area, therefore, is ^ (.1-3 + Xf) (ys — y.,} ; so for the other 



We have, therefore, for the double area of the polygon, 
2S^{x, + x,)(y,~y,) 

+ (*i + ^o) (i/i ~ y^) - [(«j + 3^0 (;/= - 1/1) 

+ {x, + Xi) (ifs - »/,) + (xc + Xi) Q/i - ys)]- 
I'erformiiig the indicated multiplications, reducing and 
rearranging, we have 

2 .S' = y, (x^ - X,) + ys (a:a - x{) 

+ Vii^i - 3-s) + yt(:>-^ - a'O + ycC'-'-i - ^'O- 
The proof applies to a polygon of any number of sides; 
hence, to find the double area of a polygon when the coordi- 
nates of its vertices are given, we have the following 

Rule. Multiply the ordinate of eaeh vertex by tJie abscissa 
of the following vertex itiinus the abscissa of tJie preceding 
veHex and add the prodiiets. 

EXERCISES 

1. rind the area of a polygon having its vertices at the fol- 
lowing points, (12, 30), (30, 48), (60, 24), (18, 6), the linear 
unit being one chain. Ans. 104.4 A. 

2. Draw the triangle which has its vertices at the points 
Xi^i, xiy^, X0„ and find its area by the method of this section 
without vising the rule. Find it also by the rule. 

77. Definitions. If the y-axia be a meridian and the a^-axis 
an east-and-west line, the ordinate of a point is called its 
latitude and the abscissa is called its longitude. In Fig. 51 
let DE be any course, and A'.V tlic meridian through its initial 
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point ; through its teniiinal point E, draw JCP perpendicular 
to NS. Then DP ia the difference in latitude of the points D 
and F., and is called the latitud^iff&i'- 
ence of the coiu'Se DE. PE is the differ- 
ence in longitude of the points D and E, 
and is called the longitude-difference of 
the course DE. Then, from the figure, 

DP = DE cos NDE, 
and PE = DE sin NDE. 

That is, iAe latitude-difference of a course 
eqttals the length of the course multiplied ^^^ ^^ 

by the cosine of the bearing ; the longi- 
tude-difference equals the length of the course multtpUvd hij the 
sine of the hearing. 

When the latitude^ifference is measured north-ward from 
the initial point of the course, it is called a northing and is 
taken to be positive ; when it is measured southward, it is called 
a southing and is taken to be negative. Similarly, longitude- 
differences measured eastward are called eastings and are taken 
to be positive, and those measui'ed westward are called west- 
ings and are taken to be negative. 

The doiMe longitude of a course is the sum of the longitudes 
of its ends. Thus, in Fig. 50, the double longitude of AB is 

78. Rule for finding the Area of a Tract when the Lengths and 
BearingB of the Courses are given. In the expression for S in 
equation (a). Sec. 76, we see that to every eourae in the tract 
ABODE there corresponds a trapezoid; and that to find S we 
add the trapezoids -cCDd and dDEe corresponding to courses 
having southerly hearings, and from their stun subtract the 
sum of the trapezoids aABh, hBCc, and eEAa corresponding to 
courses having northerly bearings. The areas of the first set 
ai'e called north ai'eaa ; of the second set, sovth areas. Again, 
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coasitlering the expression for tlio double area of any one of 
these ti'apezoids, as bUCc, i.e., (x^ + a^s) (j/s — yi)t '^'•'^ '^^'^ ^^^ ^^ 
is nnmerically equal to the product of the double longitude of 
the corresponding course by its latitude-diffei'cnce. To find 
the double area of the tract, we have, therefore, the following 
Rule. Midt'ifpltj the double lotujltude of eaoh coursa by its 
latitude-differenee, placing the product i)t a column of north 
areas when the heaving is northeHij, and in o, column of south 
areas when the bearing is southerly. Add up the two columns 
. and take the difference of the results. 

79. Rule for finding the Double Longitudes. Let UK, KF 

(Fig. 51) be any two successive courses. Then, double longi- 
tude of 

;;/-' = eE +fF ^ el-: + dn + /v; h- tf. 

That is, the double longitude of any course equals the double 

longitude of the preceding course, plus the longitude-difference 

of that course, plus the longitude-difference of the given course. 

In applyiug this rule, reniemlier to give tlie sign — to weetiiiga. 

For convenience we shall take the reference meridian one 

chain west of the most iveeterly corner, and 

suppose the sui'vey to begin at that corner, 

going around in regular order, keeping the 

tract on the right. 

Then, for the double longitude of the fiist 
course JJS (Fig. 52), we have 

a.l + bn = aA + iP + P^; 

= 2 + /'A 
since aA ~ bP = 1. 

TiiSitia, the double longitude of the Jirst equals 
2, plus its longitude-difference. 
The double longitiides of the remaining courses arc thpu 
foiuul by the rule given above. 
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80. Computation of Latitude-Differences and Longitude-Differ- 
ences, liuferring to the field notes in Sec. 74, we have, for 
tlie first course All, 

lat.-diff. = 7.1S cos 40° = 7.18 x 0,7G60 = 5.50. 
long.-diff. = 7.18 x sin 40° = 7.18 x 0.6428 - 4.C1. 
Making similar calculations for tlie leroaiiiiiig courses and 
tabulating the results, we have 



Oo„.. 


,„.,™ 


„..™,, 


l...r. 


Dn... 


].ON<. 


-DO-,-. 


N. 


S. 


K. 


■\Y. 


Alt 


N. 40° E, 


7.18 


i).r)0 




4.01 




ISC 


N. CO* E. 


S.20 


iM 




7-97 




CD 


S. 20= B. 


l.-,.22 




14. SO 


r,.21 




BE 


S. 60° TV. 


11.43 




5.71 




9.80 


M 


N. 88i° W. 


12.72 


9.fl9 

20.00 


20.01 


17,7!> 


7.87 



It is obvious tliat if tire measur'ements were exact, the sum 
of the northings would equal the sum of the southings, and 
that the sum of the eastings would equal the sum of the 
westings. But owing to the impossibility of making abso- 
lutely accurate measurements, tliis will not usually be the 
case. Thus, in the above example, 

Rum of northings = 20,09 
sunr of sorrthings = 2a01 
eiTOr = " .08 
sum of eastings = 17.79 
sum of westings = 17. 70 
error = .08 

The ustial practice in compass surveys is to balance the 
work, as it is called, tiy distributing the errors among the 
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several oonraes iu proportion to their lengtlis. Tlius, I'oi' the 
case in. hand, the perimeter of the tract is 55.74 chains. 



*. error in latitude for 1 chain = ir:r-z-: = .0014. 
5o.74 

error in longitude for 1 chain = y". „ ' i = .0005. 



Multiplying tliese unit errors hy the lengths of the several 
have, correct to two places of d 



CO,:... 


LAT.-Dli'i.-. 


I.OHG.-DIFF. 


All 


.01 


.00 


BC 


.01 


.00 


CD 


.02 


.01 


I>E 


.02 


.01 


MA 


,02 
.118 


.01 



The northings ai-e too great, and each must he diminished 
by the cori'eaponding corrections ; the southings are too 
small, and each must be increased ; so for the eastings and 



After applying these corrections the work stands as follows : 



'■"■- 


,...,..: 


,.... 


[..>T. 


,„^K, 


i.,M,,r,„. 


n.„,.,.N,:,„ 


X. 1 s. 


«. 


»•. 


X. 


s. 


K. 


w. 


.,11 


K.JO^K. 


7.1S 


r.i^ 




4.m 




.,« 




4.01 




lie 


S.WV. 


!),20 


4.GCI 




7.87 




4.a) 




7.97 




CD 


S. 20" E. 
S. WW. 


lS-23 




W.30 


f,,21 


a,Rn 




]4.K 


s.au 


3.00 


EA 


v.mi'W. 


12^ 


en.oD 


ii 


S 


'-^ 


mM 


^, 


17 .7S 


—- 
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81. Computation of Double LongitudeB. Applying the method 
given in See. 79, the computation of the double longitiides of 
th(! scYeral courses is as follows ; 



long.-diff. of 1st course 


= 


4.01 


add 




2 


double longitude of 1st course 
long.-diff. of 1st course 


= 


eiei 

4.G1 


long.-diff. of 2d course 
double longitude of 2d course 


= 


7.97 
19.19 


long.-diff. of 2d course 


= 


7.97 


long.-diff. of 3d course 


= 


5.20 


d&uble longitude of 3d course 


= 


32.36 


long.-diff. of 3d course 


= 


5.20 
37.56 


long.-diff. of 4tli cour.se 


= - 


- 9.90 


doidile longitude of 4-th course 
loiig.-ilifC. of 4th coni'se 


-~ 


27;C6 

- 9.90 

17.70 



long.-diff, of 5th course = - 7.88 
doidile longitude of 5th course — 9.88 

Check. It ia easy to show from a figure that the double 
longitude of the last course is numerically equal to its longi- 
tude-difference plus 2. This f lumishes a cheek on the aecuracy 
of the work. If, as is frequently done, the prime meridiaji is 
made to pass through the most westerly corner, doiible longi- 
tude of the last course will be equal numerically to its longitude- 
difference. 

Inserting the above value.s for the double longitudes and 
computing the double areas by the ritle given in Sec. 78, the 
work takes the final form given on the following p^e. 
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i 


i 


11 


siiil 


1 


9S.S03<I 


1 1 


"™°™ 




? 1 




.. 1 gs 


^ II 


^ 


T,; 1- .£ 


S 


. 


3 '^ 




>; 


^3 S 




i 


M 

& " 


Sffi 


^ 


12 


3S2 


^ 


i 

A 

3 


is 


is 


i 




i|8 1 


i 




T.18 
9.20 
15.22 
11.42 

12 V2 


3 


3 
S 


S W W &f 

K p; M (c K 






Ki O Cj ftl -^1 
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MISCELLANEOUS EXERCISES 
1. Find the area of the tract ABCDM from the following fieW n 



c.™„ 


„„™ 


{poles) 


AB 


X. Al" E. 


GO 




BO 


S. 70° E. 


40 




CD 


S, 29° E. 


72 




BE 


West 


75 




EA 


N. 49^" W. 


48 





COUEBE 


.™„ 


"3::i;r 


Ali 


X. 2P E. 


57.10 


BC 


N. U.j° K, 


7.08 


CO 


S. 3-5° E. 


52.20 


J>E 


S. (iSi" \v. 


50. 9G 


KA 


N. 48° W. 


13.40 



Couiisv: 


B„,™ 


'"(wa'a)" 


^ij; 


N. 47' E. 


WM 


CC 


East 


822 


CT) 


S. 32° E. 


044 


nt: 


South 


523 


EA 


N. 77° 53' W. 


1901 




^liS 


235.70 acres. 



y Google 



PLAXE TlilGONOMETEY 



CO.... 


....... 


""Xm 


AB 


S. 23= E. 


48 


SO 


S. 80° E. 


52 


CD 


H. 38° E. 


40 


BE 


N. 42° W. 


62 


EA 


s. eoi-'w. 


Ci 



5, Assuming that all bearings and distances were acouraWly n 
supply the beaiiiig and distiinee of DE in the following ; 



„„..„ 1 „„,.. 5 »^^- 


Ali 


South 


2(1 


BC 


S- 88° W. 


18 


CD 


N. 42° W. 


20 


BE 






EA 


S, 18° R. 


]8 



6. Enid the Ijeaiing of a line from B tu E in Exe 
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CHAPTER X 

82 The Spherical Triangle Ilie poitiyn of tlie siuf i e of 
a spheie bcimled bj ttiiee ar a of gieat circles is called a 
pherhcal ft ii /I The hounding arus aie called the iirfw. of 
the tiiaiigle iiid the inteiioi spheiieal angles foimed bj the 
siles aie the y^p? ff the triangle Spheiicid tiigonometiy 
IS concerned with the lelations that subsist between the siles 
and the angles of a spherical tiiingle We shiU consider 
only tiiangles in which each side and tberefoie each angle is 
less than 1^0° 

83 Notation and Conditions Let the veitices of the spher- 
ictl tinngle iBC (Fig 53) le j ined to the center of the 
sphere t Pcnote tie ingles of 7 
the triangles hy A, B, C and the 
corresponding sides by a, b, c. 
Then we know, by geometry, that , 
the angle /I equals the plane angle ~~"----,^^ /^ 

of the dihedral ai^le whose edge A 

is OA ; so for B and C; and that ^'"'^ 

the sides a, h, o measure the face angles ROC, AOC, nOA 

respectively. 

It -will be useful to recall the following propositions, which 
are proved in geometry. 

In any spherical triangle 

1. The greater side is opposite the greater angle, and 
conversely. 

2. The sum of any two sides is greater than the third side. 
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3. The num. of the sidea is '. 

4. The sum of the angles if 
540°. 

Also the following : 

5. If A'B'C be the polar tt: 
triangle of A'B'C". 

6. In two polar triangles, ABC and A'B'C" 



3SS than S(j{l°. 

greater than 180° and less than 



of A/:c, JJ:C is the polar 



A -180° -a 
A' ^180" -a 



= ISO" 



, C - ISO" - 
C = 180° - 



84, Like Parts and Unlike Parts. If two parts of a s 
triangle are both less than 90° or both greater than 90°, they 
we said to be like pai'ts ; if one is greater than 90° and the 
other less, they are said to be unlike. 

The following propositions ai'e established geometrically, 

1. If the two legs of a right spherical trianr/le are like 
parts, the hypotenuse is less than 90° ; if the two legs are 
unlike parts, the hypotenuse is greater than 90°. 

2. In a, right spherical triangle a side and its opposite angle 
a/re like parts. 

Let A CB (Fig- 54) be a right spherical triangle, right angled 
p at C, having the legs BC and 

A C each less than 90°. 

Let P be the pole of tlie ai'c 
A C. Then CB piodnced passes 
through P. With ^1 as a pole, 
and a quadi'ant as a radius, 
describe the ai-e PRf cutting .,1 C 
produced in R. Then PR = 90° 
and CP = 90°. Since CB is 
less than 90°, A.li produced cuts 
PR in some point, as il/, between 
P and /;. Then J If = 90°. 




Hence, the liypotei 



i less tl);i 
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Again, 2111 is the measm-e of the angle ,!, and since 21It is 
lesa than 90°, A is less tlian 90°. In like manner, let I" be 
the pole of the aie BC. Then CA produeed passes through 1". 
With B as a pole, and a quadrant as a radius, describe the arc 
P'll', cutting BC produced in A". Then P'lV = flO°. Since CA 
is less than 90°, liA produced outs l"ll' at some point, as Af', 
between P' and li', and Jl'll', the measui'e of the angle Jj, is 
less tlian 90°. Hence, li is less than 90°. The propositions 
are true, therefore, for the case considered. 

Next, let both a and b be greater than 90°, as in Fig. 55. 
Complete the line CBC'A. Then /iC = /L C', and in the right 




ti-iangle AC'B each leg is loss than 90°. Hence, the hypote- 
nuse AB is less than 90°, and the angles BAC', ABC' are each 
less than 90°; therefore their supplements, A and B, are each 
greater than 90°. 

Next, let one of the legs, aa a (Iig 5C> be greater tlian 90°, 
and the other leg, h, be less than 90° 
Complete the line BAB'C. Then m the 
right triangle A CB' each leg is less thin 
90°; therefore the hypotenuse iL la le^^s 
than 90°, and its supplement AB, the 
hypotenuse of A CB, is greater than 90°. 
Also, the angles B' and CAB' are each less 
than 90°. Hence, B, the equal of B', is ' 
less than 90°, and A, the supplement of 1 
CAB', is greater than 90°. 

Thus, the propositions are established 
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85. The Right Spherical Triangle Formulas Lft icn 

(Fig. 57) be a right spheriLil triui[;le ' being the ii^ht angle, 
and let etich of the le^'i « ind 6 he 
Ipss than 90° Join each of the vei- 
ticeb to the center of the sphere, (). 
1 rem any point, / , in f) 1 driw PQ 
and J'Ji perpendicular to OA, in the 
^ '^ planes 0- 1 7-J, 0,'lC respectively. Then 

QI'Jl is the plane angle of the dihe- 
dral angle whose edge is 0.1. 

.-. Z iiPK = Z. I. 
Join (i and Jl. Then, by geometry,* Qll is perpend iculai' 
to the plane OA C, and therefore to RP and O/t. 
1. We have, then, 

QU 

a UOC 



[1] 

[^3 



* Tlie proof is as (ollows : 

1. Oji is, by Cflnsttuctioii, perpendicular toPQ and 2' Ji. .■. 0.1 is perpen- 
diuular to the plana QSF. 

i. .-. the plane OJC.whicli contains OJ, is perpeudieular to tlio plane QJ?i'. 

y. Siiice C is a tight angle, tiie plane QBC is also perpeiidiovilar to Uie 
plane OAC. 

4. Since the intersecting planes OBQ, QRF are pBrpeuilleiilar to tlie plane 
OAC, their Intersection QB is pecpendienlar to OAC. 

It should he added that tlie couBtniclJon of the tight triangle QEF is 
obviously impossible unless Vbe dihedral angles whose edges are OA and OB 
and the face angle OOP ace each less than StP. But by the last actiole, Binee 
a and 6 are earli le^ than 90°, A and B, whinh measure these dihedrals, are 
each less than 90°, and tliB liypotcini^e e, wliicli measures the Ucp. angle Q0J3, 
is also less tliau 90°. 
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PR 

: f'^ _ OP _ 

' PQ PQ' 


tan.KJr' 
taaAOB 




OP 






tan h 
^ taiic 




[3] 


tan II. 
~' ~ tail i; 




[4] 



PR pii sinAOC 







tana 










" sin i 






Similarly, tan B 


tan * 






4. 


cios tiOP 


~0Q~ 


OP 


07i 






^oos^OC'coaiJOC. 




.■.cose 


= cosa. 


oosS. 




5. Froi; 


11 formula [3], \i 


'c have 








uos A 


_ sill 6 


x2S^ 




But fro 


,1, tenuis [2], 










sini 


= sill (1 


sill B, 




;infl from 


formula [7J, 


= „a 


COS&. 





[5]' 



[S] 
[9] 
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From fonimks [8] and [9], 

_ UPS /I 
sill B 



.'. by fonimla [7], 003 c = cot . I cot Jl. [tOj 

The formulas [1] to [10] suffice, as ivill be kbcu later, for 

the solution of right spherioal triaugles. For couvenicuce 

they are here collecteil. 

»s,i=S!l_». p] ™,, = f^. [.1] 

tan c '- -' tail ■; '- -■ 

tan a ^.,^ , ,, tan ^^ 

tail. I =7 — r- [61 tany;= . — [d] 

tan i ^ ■' sill « ^ ■' 

cos fl = cos a cost. [7] cos .1 = cos » sin 7t. [8] 

cos i? =- cos & sin A. [9] cos c == cot .1 cot ;;. [10] 

86. lu deriving the above formulas both of the legs a and 
l> were taken to be less than 90°. The proof is extended so 
as to include all c^es as follows : 

1. Let both legs be greater than 90°, as in I'ig. 55. 

Produce the ai'cs CB, CA to meet in C, completing the line 
CBC'A. Then C" = C = 90°; and in the right triangle ^1 C7i, 
SC ^ 180° - a, AC' = 180° - b. Hence, both legs are less 
than 90°, and we may apply to this triangle the formulas of 
the last article. 

lij i'onrmla [1], ainiJ.K," - 



sin(180''--l) 



siu BA 
__ sin (180° - a) 
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.-.by Sec. 42, suiA =i:Hiif, 

which establishes formula [1] foi- tliis casif. 
Again, by formula [3], 

, , tan A(" 

'■■"•'"-"' -li^iu • 

^ ' tan '; 

— tan // 

.'. — cos .1 = — -— ' 

tally 

tan/i 

or cos A = - — — ■ 

tan« 

So for the other formulas. 

2. Let one of the legs, a, be greater tliaji 90°, and the other, 
b, be less than 90°, as in TTig. 56. 

Produce BC and BA to meet at B'. Then, m the right ti-i- 
angle ACB', B" = B, CB' = 180° - a, AB' = 180° - c. 

Here, again, both legs are less than 90°, and we hare, by 
formula ril, . „, , 

am ....,- gjj^^^y,,' 



. ■ . sin /i = - 
Again, by foiimila [Jl], 



tan Aii' 
~ tan (180° - o) ' 



So for tlie other formulas. 
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87. Napier's Rules. It is difficult to ictaiu the formulas of 
the last ai'ticle in the meiiiory, and tlie necessity for doing so 
is obviated by the following device, 
known as Napier'' s Ruten. 

Corresponding to the right spherical 
triangle ACB construct a triangle let- 
tered as in Fig. 58, where a, and h have 
p.j^ gg the same values as in the given ti'iangle 

ACB, and where co-/l, co-ZJ, eo-c mean 
coinplement of A, complement of B, complement ofc respectively. 
The five pai'ts, eo-^, h, a, eo-B, co-e, occur in the figure in the 
same order in which the parts A, b, a, B, c occur in the triangle 
ABC, and are called the circular parts of the triangle ACB. 
Note that the right angle C is uot includeil among tlie uiiHinlar parts. 
If any one of these five circular parts he considered as a 
■middle part, the two parts lying next to it are called adjacent 
parts, and the remaining two parts are called opposite parts. 
Thus, if co-.-l be taken as a middle part, the adjacent parts 
are b and eo-c ; and the opposite parts are « and co-ll. 
Napier's Eules are as follows: 

I. The sine of a middle part equals the product of the taii- 
ijent of the adj&oenf parts. 

II. The sine of the middle part equals the product of the 
cosines of the ojjposite parts. 

These rules may be easily remembered by noting the occur- 
rence of the letter a in tangents and adjacent, and of the 
letter o in cosines and opposite. 

The rules are verified by considering each of the five circu- 
lar parts in turn as below : 

1. If we consider the circular part a, tlie adjacent parts are 
b and co-B. 

According to Rule T, 

sill (t = tun b tan (co-/;). 
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or, sittce the tangent of tlie complement of Ji eqvials cot Jl, 

sin a = tan 1/ cot B ; 
and this ecjuation is true by formula [6]. 
The opposite pai'ts are co-.l, co-c. 
Aceoi-ding to Rule II, 

ain a. = cos (co-./) cos (co-u), 
or sin a — sin -1 sin c, 

vvliicli is true by formula [1]. 

2. Consider next the circular ^lart b. The adjacent parts 
are a and eo-A. 

According to Eule I, 

sin b = tan a, tan (co-.l), 
or smb = tan a cot .1, 

which is true by formula [c]. 
The opposite parts are co-c, co-ZJ. 
Aecoi-ding to Eule II,. 

sin 5 — cos (eo-r:) cos (oo-fi), 
or sin b = iiiac sin B, 

which is true by formula [2]. 

3. Consider next the circular part co-.i. The adjacent parts 
are 6 and co-c. 

According to Rule I, 

sin (co-^i) = tan b tan (to-c), 
or cos -I = tan b cot e, 

whicli is true by formula [3]. 

The opposite parts ate a and co-/i. 
According to Eule II, 

sin (co-.l) = cos (t cos (co-K), 
or cos A = cos a sin B, 

wliich is true by formula [8]. 

:i-ificatioji liy coiisuU'rlng lliu iiireular p;ivls 
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88. Solution of Right Spherical Triangles. If, "besides the 
right angle, any two parts of a right spherical triangle be 
given, the remaining parts can be found by applying Kapler's 
Eules. The Rules ehould be so applied that each equation 
formed shall contain only one unknown quantity. In any 
case the solution may be effected by the following steps ; 

1. Take one of the given parts as a middle pai*t ami apply 
to it that one of Napier's Enles whiuh involves t!ie other 
given part. 

2. Take the other given part as a jniddle part and apply 
the same rule. 

The equations thus formed determine two of the required 
parts. Then, 

3. Take the third required part as a middle jiart and again 
apply the same rule. 

4. As a check take the part last found as a middle part and 
apply the other rule. 

The manner of applying these rules will be illustrated by 
examples. 



1. Given A = 98° l(j', i = 07" 14', to find a, c, B. 
Taking tlie circular part co-A as a middle part and applying Rule T, 
siii(co-4) = taii6tan(c<>c), 



Since A>W, cos .4 is negative; since 6<!)0°, taud is positive. 
.■. cot c is negative. Hence, c is greater than 60°, and we must take as th.e 
value of c the supplement of the angle found in the table. It will be 
found convenient to write the algebraic signs over the functions, aa above. 
Applying logarithms to the above equation, we have 
log cot c =-- log COS A — log tan h. 
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log cos 9S° W = 19.15770 - 10 




lo«taii 57° W ~ 10.10136 - 10 




logcoto= 8.06634- 10 




180° - c = 84' 42' 46". 




c = 05° 17' 14", 


Next, apply the s 


ame rule to the pait &, and we hs.c 




sin b = cot .d tao a. 




log tan ((:= log Bin 6 - log c 




log sill 57° 14' = 19.92473 - 20 




log cot 98° 16':= 9.16324-10 




log tan a = 10.76249 -10 




180° - a = 80= 11' 49". 




o = 99° 18' 11". 


Next, apply tlie s 


.ame rule to tlie remaining part, ec 




cos B = tan a cote. 




log cos .e = log tan a 4- log. 




logtan a =10.78349 -10 




logcotc = 8.06684-10 



-B, ami we have 



B= 9.72883-10 
Check. Apply the oilier rule to tte part last found, giving 



08° 10' = 



log cos jB = 9.72883 -10 
wliicli agrees with the value found above for log cos J 

The check formula may be modified when ti 
contain only functions whose logarithms have already b 
2. Given a = 97° 22', 5 = 46° 18', to find A, 
Applying Rule I to the paH a, _|^ + + 

log cot B = log sin (t — log tai 
log sin 97' 22' = IS. 00040 - 10 
logtan 46° 18' = 10.01971 - 10 ■ 

log cot B= 9.97660-10 
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sta6 = tu.naooQ. 
log cot 4 = log atn 6 — log Ian a. 
log sin 40° 18' ~ 19.85912 - 10 
log tan 97° 22' = 10.88845 - 10 
log cot ^= 8.97067-10 
180" - -4 = 84° 30' 36". 
A = Oo" 20' 24". 
Applying the same rule to the remaining ciroulai' part, co-r;, 

log coa c — log cot A + log cot B, 
logcot.^ = 8.97067 -10 
log cot B = 0.97069 -10 
log cose =8.94736- 10 
180= - c = 84° 55' 4". 
c = 95° 4' 56'. 
As a check, apply Rule II to the part just found : 

log cos c = log cos a + log cos b. 
log cos a = 0.10795 -10 
log cos b = 9.83940 - 10 
logcoac =0.94735- 10 
agreeing with the above value ol log cos c within one point. 

3. The aviU'jiwus erne. Given a, = 64° 29', A = 78° 10', 
to iind 6, c, JS. 



As c ia to be found from its sine, there are, by Sei 
namely, the angle found in the table, and its supplen 
Again, applying the same rule to co-A, 

cos ^ = cos a sin It, 

And to find b, we liave, liy the same rule, 
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so that B aud 6 also are to be found from their sines, and the same 
arabigoity oci^uts in regard to them. 

It is easily seea geometrically, also, tliat there are two solutions. 
For, let A CB (Fig. 59) be a right spherical triangle having the given parts 
A and a. Then, on completing the 
lune ABA'C, we form a second tri- 
angle, A'CB, which also fulfills the 
0ven conditiona ; for A' = A, BC — o, 
and Z BCA' is a right angle. It is 
eyident also from the figure that the j.,,^ ^g 

required parts SA', OA', Z CBA' are 
the supplements of the corresponding required parts in the triangle A CB. 

The case in which a side and the opposite angle are the given parts is 
accordingly called the ambigtunis case. 

To complete the solution, apply logarithms to the equations statnd 
above. Thus, 

log sin c = log sin a - log sin J . 
Iogsin84'>29' = 19.95543 -20 
"8° W = l).89067 - 10 



logs 


lin c = 9.66476 - 10 




ci = 67° 13' 48". 




03^112= 46' 12". 


log si 


nB = logons^ -log cos 


.sTS" 


10'= 19.31189 .-20 


»<I4° 


29-= 9.83425-10 


log si 


nB= 9.67764-10 




Bi = 28= 25' 37". 




B^ = 151° 34' 23". 


log. 


iin6 = logsini! + logsin. 


log si 


nB = 9.67764 -10 


log. 


line = 9.06476 -10 


logs 


tin 6 = 9.64240- 10 




b, = 2(P 2' T. 



'llie two solutions, therefore, aie 

1. 6i = 20= 2' S", Bi = 28° 25' 37", Ci = 67" 13' 48". 

2. is = 153° 57' 51", Ba = 151° 34' 23", Ca = 112° 40' 12". 
Check, sin 6 = tan a col A. 
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4. Given a. = 105° 18', o = 1)8° 9', to fiud b, A, II. 
l!y Rale II, sin a ^ coa (co-c) - cos (co-A), 

■I sin a = sine sin A. 

log wiA = log Hin a ~ log Bin c. 
log ain lOa" 18' = 19.98453 - 20 
log sin 98° 0' = 9.&eS50 - 1 
logging = 9.988-4 - 10 
Since a > 90°, A > 9CF, and we must use as the yalue of A the supple- 
nent of the angle found in the table. 

.-. 180° -A ^11" 0' 40". 
A = 102° 69' aO". 
Applying the same rule to the circular part co-c, 

log cos 98° 9'= 19.1G1B7-20 
log cos 10.5° 18' = 9.43140 - 10 



log cos &= 9.73017- 10 
6 = 57° 30" 15". 
Apiilying the same rule to the remaining part, 

sin (co-B) - cos cos {co-A), 
or cos^B = CM6Bin4. 

log cos B = log cos 6 + log sin A. 
Iogcoa6 = 9,73017-10 

log coa B = 9.71891 - 10 
B = 58° 21'. 
Wi-itii iiiiiu'ii a rjlietk formula and apply it. 

Instead of the use of algebraic signs to determine wliethei' 
a pai't of a right spherical triangle is greater or less than 90°, 
as ill this section, we may apply the principles of like paHs 
and tmlike parts (See. 84). Thus in Example 1, since A > 90° 
we have m > 90 ; also, « and b being unlike pai'ts, c must be 
greater than 90°; again, since 6 < !)0° we must have also 
B < 90°. 
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Bolve the following riglit splieiical triangles, checking the 
work where the answers are not given ; 

1. Given a = 48° 15', c = 74" 12', to lind A, b, B. 

Ans. A = 50° 60' 12", 6 - 65° 15' 53", B = 71° 30' 57". 

2. Given a = 70° 28', c = 08° 18', to find A, b, B. 

Ans. A = 72° 15' 15", b = 115° 34' 42", B = 114° W 50". 

3. Given A = 36° 20', c = 81° 24', to find b, B, a. 
Ans. b = 79° 22' 3", B - 42° 16' 48", a - 35° 51' 39". 

4. Given A = 53° 23', c = 108°, to lind b, B, a. 

Ans. b = 118° 34' 46", B = 112° 33' 21", « = 49° 40' 55". 

5. Given » = 32° 20' 40", B = 50° 20' 20", to find b, c, A. 
Ana. b = 38° 46' 42", c = 48° 48' 19", A = 45° 10'. 

6. Given a = 122° 15', B = 14° 20', to find b, e, A. 
Ans. b = 12° 11' 38", c = 121° 26' 19", A = 97° 35' 28". 

7. Given a = 50° 13', b = 34° 22', to find B, A, c. 

Am. B = 39° 26' 51", A = C9° 18' 30", c = 62° 40' 43". 

8. Given a. = 08° 27', b = 108° 40', to find B, A, o. 
Ans. B = 107° 26' 37", A = 69° 20' 13", e = 00° 45' 5". 

9. Given ^ = 76° 15', B = 40° 3', to find a, b, e. 

Ans. a = 71° 39' 27", b = 47° 33' 50", e = 77° 44' 20". 

10. Given A = 106°, B = 64°, to find a, b, c. 

Ans. a = 107° SI' 32", b = 62° 52' 5", c = 98° 2' 22". 

11. Given A = 32° 10', a = 24° 8', to find B, e, b. 

Ans. 1. Bi = 68°3'36", c, = 50° 10'27", 6, = 42° 25' 45". 
2. A = lil°56'24", ca = 129° 49' 33", b^ = 137° 34' 15". 

12. Given A = 105°, a = 134°, to find B, a, b. 

Ans. 1. -Bi = 21° 52' 31", c, = 48° 8' 5", S, = 1G° 0' 3G". 
2. B, = 158° 7' 20", cj = 131° 51' 55", ij = 1 63° 53' 24". 
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13. Given B = 60°, b = 50°, to find A, e, <t. 
Ans. 1. ^1 = 51" 3' 54", Ci = 62° 11' 43", ^i = 43° 28' 32", 

2. A^ = 128° 56' 6", c^ = 117° 48' 17", a^ = 136° 31' 28". 
li. Given M = 100°, 6 = 106°, to find A, e, a. 
Ans. 1. ^1 = 39° 21' 53", cx- 77° 26' 40", <ti = 37° 56' 42". 
2. A^ = 140° 38' 7", ca = 102° 33' 20", a^ = 142° 3' 18". 

15. Given A = 110° 26', B = 34° 19', to find a, h, r. 

16. GiTen A = 68° 12', c = 73° 31', to find S, B, a. 

17. Given B = 106°, 6 = 112° 12', to find A, a, e. 

18. Given a = 72° 18', 6 = 103°, to find B, A, c. 

19. Given a. = 53° 24', c = 7G° 12', to find A, b, B. 

20. Given a = 38° 16', B = 69° 12', to find h, c, A. 

89. Quadrantal Triangles. A quadrantal triangle is one in 
which one side is a qniidrant. The polar triangle of such a 
triangle is a right triangle. WJiy? After solving the polar 
triangle, the parts of the given triangle are readily found by 
Sec, 83, proposition 6. 

EXERCISES 

1. Given a = 66° 32', b = 59° 43', g = 90°, 

to find C = 104° 20' 38", A = 62° 32' 20", B = ? 

2. Given c = 90°, B = 74° 45', a = 18° 12', 

to find C = 104° 31' 13", b = 83° 17' 16", A = 17° 34' 2". 

^^ 90. Isosceles Spherical TriaEgles. If, in 

a spherical triangle ABC (Fig. 60), we 
have AB — AC, then, by geometry, 

and AD, the arc of a great circle drawn 
from A to the mid-point of BC, divides 
the triangle ABC into two equal right 
ti'iangles, each of which can be solved by 
Napier's Rules. 
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EXERCISES 

■t', A -^ 72° 40' 
= 71° 43' 18", B = C 



to fiad 

2. Given 5 = c -^ 74° 13', A 
and check the results. 



42° 16' 48". 
98°, find the remaining parLs 



l^ROI'EKTIES OV SPHERICAL TRIANGLES 

Oblique spherical triangles are solved by means of certain 
relations which subsist between the sides and tlie angles. 
These will now be established. 

91. The Law of Sinea. In any Kjtherieal triangle the sines of 
the sides are to each other as the sines of the opposite angles. 

In the ohlique spherical triangle ABC draw the are llf> 
perpendicular to A C. In T"ig. 61, D falls between A and ( ' ; 





in rig. 62, D falls on CA produced. By Xapier's Kule II, wo 
have, from the right spherical triangle ADB in Fig. 61, 

sin BD = sin c sin A ; 

in Fig. 62, sin BD - sin c sin(180'' - .1) = sin c sin^l. 

Similarly, from the right triangle BBC in either figure, 

sin BD = sin C sin a. 
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" Sine ainC 


nilarly, 


sin a sin .-t 
sin h amn' 




sin h sin n 








ftiri sin '.' 


these equatioi 


IS, we have 




sin a _smb 



[11] 

92. Law of Cosines. In a, spherical triangle the cosine 
of any aide equals the product of the cosines of the other two 
sides plus twice the product of their sines and the cosine of 
their included angle, or, in symbols, taking the side a of the 
triangle ABC, 

cm a = cos i oos e + sin // sin r; cos ^ . [12] 
Di-aw the are BZ> perpendicular to A C. 

1. Let D fall between ^ and C, as in Fig. (il. From the 
right triangle BDC, we have, by Rule II, 

COS BC = cos BD cos DC, 
01- cos a = cosBi>coa(6 — AD) 

= cos BD(cos h cos AD + sin b sin A D) 
= cos BD cos AD (eos b + sin b tan /ID). 
Xow, from the right triangle ADB, by Enle II, 
cosSiicosvlD = eosc; 
and, by Rule I, cos A ^^ cote tan A D, 
from which tan AD — tan e cos ,'1. 

Substituting these values of cos BD cos AD and tan AD in 
the expression for cos a, we have 

eos a = cos c (cos S + sin /i tan c cos ^1). 
.■- eos a = cosb cos c + sin 6 sin e cos .1. 



y Google 



OBLIQUE SPIIERICAl. TRIANGLES tSJ 

2. Let I) fall on CA produced, aa in Fig. &I. Then, prii 
ceeding as before, we have, from the right: triangle J',D(\ 
uos a = cos BD cos CD 

= cosBI'cos(i + ,i/>) 
= coa BD (coa h coa Al> — sin h Kin A IJ) 
= cos BD coa ^2>(cos ?v - Kin h tan AO). 
But cos BT) cos ^.D = cos c, 
and cos £.■! Z) = cot c tan -1 -/J. 

But €03 BAD = cos (180° - .4; =. - cos A. 

.*. — cos /I = cot c tan^Z), 
from which tan AD = — tan c cos .1. 
8ubstit\iting as befoi-e, 

cos» = coso(coai' + siufi taiiecoa,^), 
or cos a = cos b oos c + sin 6 sin e cos A . 

Similarly, cos b = cos a. coa e + sin a sin b cos /.'. 
cos c = cos a cos 5 + sin a sin & cos ( '. 

93. To express sin^A in terms of functions of a, \i., c. ]'>^ 
formula (25), we have 

2ain=i^ =1 -coB_l, 
From formula [12], 

cos .'1 = 

Substituting this value, 
2 sin^ ^A --=!-' 



sin b sin a 
11 c + cos 5 cos c 



sin 6 sin e 
— cos (b — c) — coa a 

sin b sin c 
^ 2sin^(a + b-c)?imi (a-b + e) 
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Let 



i-b + a 



Then, re + 6 - c = 2s - 2 c = 2(s - c). 
a ~ /' + '; = 2s - 2h = 2(i< - l>). 
Substituting, we hare 



sin 6 sin (i 





ni. 
11 1- 


, isin (« - 6) sia (s - r) 




■■^' sin 6 sine 


larly, i, 


, /sin(.-a)sin(s-c) 






^ /sin (s - -x) sm (.s - b) 


■ 


""V sin « sin 6 



[13] 



94. To express cos i-A in terms of functions of a, b, c. By 
formula (26), 

2 cos^ ^- .!--=! + cos .1 

COS a, ~ cos b coK c 



_ lios a — cos 5 cos e + 
sin £» sin i; 
_ i;o3 a — cos (b + c) 
sin 6 sin c 



u/»s 






by formula (18). 



sins sin ( 


— a) 


sin b sin 


'sins sin ( 


-S) 


sin a sin c 


/sins sin ( 


-«) 
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95. To express tan ^ A in terms of iunctions of a, b, ( 
fornmlas [13] and [14], by division and reduction, 



' * sm s sm {s — a) "- -" 

Similarly, tan + 5 = J sid(s - a) sm (s - _ o) _ 

tan ^ C = 



.^^ si.i(.-a).i.(.-t) 



sm s sin (s — c) 

As in the corresponding case in plane trigonometry, these 
formulas may be modified as follows : 

In the formula for tan ^ A, multiply numerator and denomi- 
nator of the fraction under the radical by sin(s — a), and we 
have 



^ * smsBm^{s — a) 



=11. 



.^xP 



_J / 3in(«-a)sin(.-S)sin(.^< 

n (s~a) V sin s 

i(s ~ g.)sln(s — i)sin(a — <;) 



tan-^^ = . _ ■--- [16] 



Similarly, tan i B = 



sin (s — b) 
taniC = — y-~-. 

96. To express the sines, cosines, and tangents oi the half sides 
n terms of functions of the angles. 
1. To express sin^a, in terms of functions of A, B, C. 
We have a, = liO°~A'. 

.-. sin ^a = eos I A'. 
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But ill tlie polar triangle A'B'C, we have, hy formula [14], 

where a' + li' + c' = 2 s'. 

We have now to express the quantity under tlio radical 
sign in terms of functions of A, B, C. 
We have a' = 180°-^ 

h' = 180= - B 

c' = 180° - C 

.'. a' + 0' + <i' = 540° - (.1 + B + C). 
Let A-vn^ C = 2 S. 
Then, 2s' = 540° - 2 i'. 

.-. s' = 270° - S. 
s' -a' = dO''-(S-A). 

. ■ , _ f sin(:!;70° - i')sitirao° - (6- - a) '} 

. ■ . sm ^ « - \ ^.^ ^^g^„ _ ^^ ^.^^ ^^^^^^ _ ^^ . 
or, by Sees. 42 and 20, 

[i7] 



sin^o 


/-cos6-cos(5-.l) 


'*' sin iS sin C 


ilarly, sin i- 1 


J-cosi'cos(S-S) 


' ^' sin .4 sin C 




. 1- cos H cos (S - C) 



2. jTo express cos ^. a i/i (enfts of functions of A, P>, C, 
Proceeding as above, 

^,i = !)0°-iyl'. 



^ /sin[9n°-(.s--£)1sin[W°-(^-c) ] ^ 
^ sin (L80° ~ e; sin (180° - C) 
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[IS] 
I cos (S -~ A) cos (S — C) 






3. To express tan ^ a in te^'ms offunvtious of A, B, 0. 

From formulas [17] and [18], we have, by divifiion 

reduction, 



tan i a = -\— 



■ cos Stios(S ~ A) 
^ cos (S — B) cos (S — C") 

Similarly, 



^ / — cos S COS (S -- B)~ 



/ — COS iS ( 
*''^^'oos(S-^ 



COB (S - B) 



) cos (S~B) 

97. Gauss's Equations. The following equations aie known 
as Gauss's Sr/uaf-ions : 

[2G.] ri„i(-l-i!)-=4^3-<»BtC. 



tfe+_2. 



To derive the first of these equations we jiu'oceed as follows : 
We have, by formula (9), 

sin l (A + B) = sin ;■ A cos }, Jl -\- cos i. A sin -i i;. 
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For sin ^ A, cos J B, substitute their values aa given ia 
Sees. 93 and 94, and we have 

sin . ,1 cos 1 7i = J ™('-')"° (■— '■) ;c Biii«ii»('^) 
^ * " * sin fi siu c sin a sin o 



ift^xVi 



°('-«) 



Sin tt sm c 



= E^=^x™.JC-. BySe,,, 94, 

Similarly, 

- X cos ^ C. 



n(^ 



But, by formula (15), 
sin(s - S) + sm(s - «)= 2 sin i(2s - <. - 6)cos ^(r^ ~ h) 

= 2ainJ^ccos J(a-S), 
since 2s — a — 6 — c. 

Also, by formula (20), 

sin c = 2 sin ^- c cos J c. 

Vroceediug in the same way, we find 

^^■^- cos i C 
3 cos i- (2 s - a - 6) sin i (a - i) 

= ^-^ : —'— ^-^ ^ COS i C. 

2 ein ^ e cos ^ c ^ 

sin i-fct — l>) , ^ -.1 ,, - 

»r sin i(^ - B) = — - ^^^ , ^ '' COB ^ C. [2 G.] 

To derive formula [3 G.], we have 

OOS Uyl + -C) = cos i ^ cos i B - sin ^ yl sio J- B. 
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' Sin ft sin <! sm a 



('-") 



Similarly, 

sin \ A sin i^B = 



.Q e * sm s! 



i) 



-- sin ^ C. 



_^ 2co3K2a-c)sin^< 



sin if t 



[3G.] 



2 cos i (« + 6) sin i c . , ^, 
2 sin ^ c cos J 

or co.l(A+B) = 'Sii^i^BiniC. 

^ ■ ' COS ^ c ■' 

The derivation of formula [4 G-.] is left as an e 

98, Napier's Analogies. The following equations are known 

as Napier's Analogies. 

[IN.] toi(-i+B) = )|2life^<.,otlC. 



iK-> + ») 



[3 N.] 
[4N.] 



tan ^ (a — I/)- 






tan ,} (.'. 



Formula [1 N.] is derived from formulas [1 G.] and [3 G.] 
by division and reduction ; [2 K".] similarly from [2 G.] and 
[4 G.] ; [3 N.] from [4 G.] and [3 G.] ; [4 W.] from [2 G.] 
and [1 G.]- 

Let tlie Btiideut perform tliii upetatious indicated. 



y Google 



140 SPHERICAL TRIGONOMETRY 

SOI^UTION OP OBLIQUE SPHERICAL TKLVSGLES 

99. If threo parts of a spherical triangle be given, the 
remaining parts can be found by the use of formulas derived 
in this chapter. There are six cases, as follows : 

1. Given tk» three sides. 

2. Given the three angles. 

3. Given two sides and their included angle. 

4. Given ttvo angles and their included side. 

5. Given two sides and the angle opposite one of them. 

6. Given two angles and the side opposite one of them. 

The formulas for the tangents of the half angles (Sec. 94), 
the law of sines, and Gauss's Equations oi- Kapler's Analogies 
will be found sufficient for all the cases. The results should 
be checked by formulas involving the required parts, not used 
in the solution. The method of solving will be illustrated by 



100. Case 1. Given the three sides. 

Let n = 72" Ifi', h - 80° 44', c ^ Jtl' 18', to find A, li, C. 

V.J fovraula [15], tan \A = aJ ''"^^"^''^^^^'"^' ~ "' - 

8 = Jta + & + c) = 07=!)'. 
s - a = 24° 53'. 
s - Ji = 16° 25'. 
s - c = 55° 51', 
log sin 16° 25' = 9.45120-10 I log sin 07° IT =9.69661-10 
log sin 66" 51' = 9.91781 - IQ log sin 24° 53' = O.C2405 - 10 
19.30901 - 20 I 9.e;i066 - 10 

9.G206fi - 10 



2 )ltt.748J5-^ 
log tan ^4= 9.87418-10 
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__^. 



log sin 24° 53' = 9,62406-10 [ log sin 97^0' =9.09601-10 
logaln55°a'= 9.91781-10 log sin 16° S-li' = 9,45120 - 10 
19.54HJ6-20 I 9.44781-10 

0.44781 - 10 
2 )20.00405-^0 
logtaiiVB = 10.04703 -10 



-^^^^ 



Similarly, tan J 

log sin 24° 53'= 0.62405-10 
log sin 16' 25' = 9.46120 - 10 
19,07535 - 20 
9.91442 - 10 
2 )19.10083-20 
logta!i^-C= 9.58043-10 
^ C = 20° 50' 5". 
C = 41= 40' 10". 
Check. Krom the law of sines, 



from n-hieli 

log sin A — log sin a = log sin B — log sin (i = log sin C — log sin c. 
log sin A =9.98202-10 1 log sin B = 9.99746-10 1 log sin C' = 9,82271-10 
logslmi = 9.97889-10 log Ein6 = 9.99429-10 log sine = 9.81965-10 
0.00316 I 0,00317 | 0.00316 

A, B, C might also be calculated by the formulas of Sec. 95. 

101. Case 2. Given the three angles. 

Given A = 96" 45', B - 108° 30', C = 116° 16', to find a, h, e. 

From the valuea of A,B,C find a', (/, c", the sides of the polar triangle 
A'WC, by Sec. 83, proposition 6. Solve the triangle A'B'C by Case 1, 
finding A', B', C". From the values of A', B\ C And a, b, c. 

Ans. a = 88° 27' 40", 6 = 107° lO' 52", c = 115° 28' 13", 

Check. Apply the law of sines, as in Case 1. This ease could also be 
solved by the formulas of Sec. 96, 
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102, Case 3. Given two sides and their included angle. 

Let a =^ 95° 42', b = 72° 22', C = 62" 34', to find A, B, c. 

By substituting the values of a, 6, C In formulas [1 N.] and [2 N.], ' 
an find A and B. Thus, 

logcoslP40'= 9.9S093-10 

log cot 31° 17' = 10.21637-1O 

aO.2073O - 21) 

log cos 84° 2' = 9.01682 - 10 

logtaiiH-d + -^) = 11-1^0*8 -10 

5 {A-\- B) = 86° 18' 35", 

M tan i (A - £) = "VgJ/^T ■ cot 31° 17'. 

log cot 31° IV = 10.21637 - 10 

19.52219 - 20 

log sin 84° 2' = 9 .89794 - 10 

log tan i(^ -10= 9.32456-10 

\(A-S)= 18° 30' 4"- 

But \(A\B)= 86° 18' 35". 

.-. A = 104° 48' 39". 

J5= 67" 48' 31". 



log sin 72" 22' 
log sin 62° 84' 



~ 9.96074 - 10 
= 6(5° 0' 10", 



The supplemeEt of this cairnot be used as a value of t, for C<B, 

c might also have been found from formulas [SN.], [4N.], or any one 
of Gauss's equations. 

Check. By [1 G.], sin HA + B) = '^^Hi^-ZA cos i C. 
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103. Case 4. Given two angles and thm/r ineluded side. 
Given A = 116°, B = 84°, c = 72° to find a, b, C. 
Solve the polar triangle by Case 3. (See Sec. 83, proposition 0.) 

Ans. a = 115° 27' 47", 6 = B2° 27' 47", C = 71= 12' i?>". 

104. Case 5. Given two sides amd the angle opposite one of 
■hem. 

Let o, = 41' t>', /; -= 48° 22', A = 54° 17', to find C, C, i>. 
To lind B, we have, from the law of sines, 



log sin 48" 22*= 9.87356-10 

log sin 54° 17' = 9.90951 - 1 

19.78307 - 20 

log sin 41° 6' = 9.81781 - 10 

log sin B= 9.9652(1-10 

.■, Bi = 67° 23' 12", Ba = 112° 36' 48". 
Since 6 >«, we must have B>A; but both the values of B found above 
satisfy this condition, and we have two solutions. 
Case 5 ia accordingly an a7n})igv.ous case. (S 
Fig. 63.) 

To find C, we have, from formula [1 N.], 



»t^<:=:^ 



-^tan4-(7!+ A). 



)Si(6 
. Using the first value of B, we iiave 

ilso, i(6 + a):=44='44'. 

i (6 -a) = 3° 38'. 
Iogcos44°44'= 9.85150-10 
Ing tan GO" 50' &" = 10.B6330 - 1 
20.10480-20 
log cos 3° 88' = 9.99913 - 1 
logootiCi= 10.105(17-10 
i C, = 38° 5' 51". 
Ci = 76°ll'42". 




To flnd the value of c.i. 



sin C 
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log sill 41° 6'= 9.81781-10 

log sin 76= 11' 42":^ 9.98727- 10 

10.80508 ~ 20 

log sin M" 17' = 9-90951 - 10 

logEinci= 9.89657-10 

Ci = 54° 2- 40". 

y. Tlsing tlie second ralue of B, we have 

i(B2 + ^) = 83°20'5i". 
Solving as above, log cos 44° 44' i= 9,85150-10 
log tan 83° 26' 54" ±= 10.93r87-lQ 
20.79187 - 20 
log cos 8' 38' = 9.99913 - 10 
logcotiCa = 10.79-.i24 - 10 
iC^ = r& 50". 
Ca = 18° 19' 52". 
And to find tlia value of Cs, 



log sin 41° 6'= 9.81781- 

log sin 18° 19' 53" = 9.497li3 - 

1B.31544 -■ 

logsin54= 17'= 9.90951 - 



logaincj^ 9.40oftJ - 10 
Ci = I4°45'lI". 
Hence, we have for the two solutions : 

1. For the triangle ABiC (Fig. 02), 

Bi = 67° 23' 12", Gi - 76° U' 42", ci - o4° 2' 40". 

2. For the triangle jIBjC, 

Bb = 112° 36' 48", Cs = 18° 10' 52", Cs = 14° 45' 11". 

Chech. By formula [1 G.], sin J (X + B) cos J c = cos (a - h) cos ^ C. 

If, in any example, after substituting the values of a, 6, A in the 
equation — — = — — , sin B turns out to be greater than 1, or log sin B 
positive, the solution is impossible. If we find sin B = 3 , or log sin B = 0, 
then B = 90°, and the solution can be completed by the method explained 
for right triangles. 

If we And sin B less than 1, or log sin B negative, there will be two 
corrsaponding values of B, — namely, the angle found in the table and its 



y Google 



OBLIQUE SPHERICAL TRIANGLES 145 

supplement, — and both must lie accepted, giring tv)0 solutions, unless 
one of them should be incompatible with the coiiditioR that the greater 
angle lies opposite the greater side. Such a value of B would have to 
be rejected, giving one ajlution. 

105. Case 6. Given two angles and the side opposite one of 
them. Tliis is also an ambiguous ease. 

Given A = 121', B = 108°, a = 130°, to find b, c, C. 

By Case 5, solve the polar triangle A'B'C, finding the parts B', C, c', 
and determine &, c, by proposition 6, Sea. 63, 

Ans. I. h = 121° 47' 87", Ci = 69° 56' 10", Ci = 7G° ?A' 10". 
2. 63 = 68' 12' 23", Ci = 100° 20' 42", Oa = 158= 3' 40". 

EXERCISES 

Solve the following triangles, checking the woik wlierc the 
answers are not given ; 

1. Given a - 110° 4', h = 74° 32', c = 56° 30', to find A, 
B, C. 

Ans. A = 127° 35' 42", B = 64° 23' SO", C = 44° 42' 14". 

2. Given a = 58° 18', 6 = 62° 40', c = 78° 24', to find A, 
B, C. Ans. A = 60° 8' 54", B = 64° 54' 8", C - 93° 2' 56". 

3. Given A = 63° 50', B = 96° 18', C = 64° 20', to find a, 
b, o. Ans. a = 52° 4.3' 26", 5 = 78° 26' 10", c = 62° 40' 22". 

4. Given A = 80° 40', B = 116° 20', C ^ 92° 20', to find a, 
b, c. Ans. a - 78° 23' 14", b = 117° 10' 4", e = 97° 19' 4". 

6. Given a = 96°, b - 64°, C = 108°, to find A, B, 0. 

Ans. A = 87° 32' 13", B = 64° 32' 33", e ^ 108° 47' 15". 

6. Given a = 76° 30', 5 = 48° 10', C = 36°, to find A, B, e. 

Ans. A = 121° 32' 8", B = 40° 46' 32", a - 42° 6' 43". 

7. Given A = 137° 44', B = 153° 48', e ^ 107° 32', to find 
a, b, C. 

Am. a = 102° 43' 32", h = 140° 11' 40", C = 138° 53' 28", 
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8. Given A = 81° 32', B = 117° 38', 6 = 103° 48', to find 
a, b, C. Ans. a = 75° 58' 44", b = 119° 39' 22", C = Qi" 5'. 

9. Given a = 10(1°, h = 62°, A = 95°, to find B, C, c. 
Ans. B - 63° 16' 17", C = 98° 28' 4", e = 102° 5' 42". 

10. Given a = 59°, h = 72°, A = 50=", to find B, C, c. 
Ans. 1. Bi =- 58° 12' 23", Cj == 120° 3' 44", c, = 104° 25' 50". 

2. Ba = 121° 47' 37", C^ = 19° 30' 18", c^ = 21° 5& 20". 

11. Given A = 82°, -B = 116°, a = 86% to find C, b, e. 
Ans. C = 79° 49' 14", b = 116° 7' 10", c = 82° 31' 40". 

12. Given A = 137° 20', B = 64°, a = 149°, to find b, c, C. 
Am. 1. 5, = 136° 55' 9", c, = 19° 45' 24", C^ = 26° 24' 40". 

2. bi = 43° 4' 51", c, = 130° 43' 42", Cg = 94° 18' 32". 

13. Given a = 51° 40', b - 72° 12', J = 47° 20', to find B, C, c. 

14. Given a =76°20',6 = 110°24',c = 58°12',tofind.l,B,C'. 

15. Given A = 53°, B = 46°, C = 127°, to find a, b, c. 

16. Given A = 94°, B = 62°, C = 54°, to find a, b, c. 

17. Given a = 62° 12', b = 95°, C = 107° 10', to find A, B, c. 

18. Given a = 102°, b = 139°, C = 132°, to find A, B, o. 

19. Given A = 118°, B = 82°, c = 103° 12', to find a, b, C. 

20. Given A = 156°, B ^ 138°, <; = 106°, to find a, b, C. 

106. Latitude and Longitude. 
The latitude and longitude of 
a point on the surface of tlie 
earth (regarded as a sphere) are 
its arc coordinates with refer- 
ence to the equator and a prime 
meridian, usually talten to be 
the meridian passing through 
Greenwich. Let P and P' (Fig. 
64) be the north and south poles 
respectively, PEP' the prime 
meridian, F.PDQ the equator, 
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and A and .5 any two points whose latitudes and longitudes 
are given. The longitnde-differenee of the two points is the 
arc CD, which measures the angle APB. The arcs CA and 
DB are the latitudes of A aiid B respectively, and determine 
the area AP, BP. 

In the spherical triangle APIS, therefore, we have given two 
sides and their included angle. The arc AB can be found in 
degrees by Case 3, Sec. 102. 

To find AB in miles, the radius of the earth may be taken 
as 3956 miles, fi-om which the length of an arc of one degree 
is found to be 69.05 miles approximately. 



MISCELLANEOUS EXERCISES 

1. rind the distance from San Francisco (latitude '41° 47' iio" N.. 
longitude 122° 24' 33" AY.) to Honolulu {latitude 31° 18' H., lon^tudo 
]57''52'W.). Ans. 2.M5iniles. 

2. Find, the distance from Paris (latitude 48° 50' N., longitude 
2° 20' E.) to New York (latitude 40° iZ' N., longitude 74° V W.). 

Ana. 3624 miles. 

3. Find the distance from New OrleaiiB (latitude 26° 58' S., lonsitude 
00' 3' W.) to Rome (latitiuie 41° M' N., longitude 12° 29' E.). 

Ans. 5444 miles. 

4. Find the distance from San Franciai 
longitude 120° 68' E,). 

5. How many miles does a vessel go in sailing due west from a point 
in latitude 37° N., longitude 122° W,, to a point in latitude 37° N., longi- 
tude 150° E.? How mucli would the distance be shortened by sailing 
along the arc of a great circle ? Ana. 4651 miles ; 202 miles. 
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LOGARITHMIC AND TRIGONOMETRIC TABLES ; 
EXPLANATIOH OF THEIR USE 



Table I gives the logarithms of numbers from 1 to 10,000. 
On page 1, both the chataeteristie and the mantissa for 
numbers from 1 to 100 are given. In the rest of the table 
only the mantissa is given ; the characteristic is to be deter- 
mined by Sec. 12. 

1. To find the logarithm, of a given integral number. 

(a) Let the number be less than 100. 

Look for the number in column " K," page ] ; opposite to it in the 
colnmn "log" will be found its logariLhm. Thus, 
log38 = 1.57978. 

(b) Let the number consist of three figures. 

Look for, the number in column "N," and find the mantissa on the 
same hortzontal line under column "0." By Sec. 12, the characteristic 
is 2. Thus, we find (page 6) 

log 328 = 2.51587. 

(c) Let the number consist of four figures. 

rind the first three figures in column "K" ; on the same horizontal 
line, in the column headed by the last Sgnre, find the mantissa. By 
Sec. 12, the characteristic ia 3, Thus, we find (page 15) 
log 7683 = 3.88563. 

(d) Let the number consist of more than four figures. The 
logai'ithm will be found by the process of interpolation, which 
will be illustrated \>y an example. 
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Required the logarithm of 58736. 

Piaceadecimalpoint after the fourth figure, giving 3873.6. By Sec. la, 
lliis does not affect the mantissa. The number 5873.0 lies between 5873 
aud 5874. 

By (c), the mantissa for 5874 is .7(i8i)3 

and for 5873 it is .76886 

Difierence for 1 unit (called tabular difierence), .00007 

I lilt is, when the number 5873 m increased by 1 unit the coirespondmg 

TuantlBsa is increased by 7 hundred thou&andths, ii 7 points as we 

may convenientlj call this mcreaae It is assumed thit if a number la 

iDtieased by a '^mall amount tlie mcrciBb m the hginthm is proper 

lional to the increase in the number Thi*; assumption 1^ cot mitht 

matioally correct, but the error resulting from it is so small tl at it maj 

be ncfeleLted ni practical computations. 

Now, 5873.6 exceeds 5873 by ^ of a unit. 

Then, by the above assumption, since the addition of a whole unit to 
5873 increases the logarithm by 7 points, the addition of I'j of a unit 
« the logarithm by ^% x 7 = 4.3, or 4 points, nearly. 
Then, for 6873 the mantissa is .76886 

Add the correction, i 

and we hare as the mantissa for 5873.6, .7681)6 

stated, also the mantissa for 58736. The characteristic is 4. 



As another example, let it be required to find the loj 
of 367326. 

As above, the mantissa is the same as for 3673,26. 

'ITie mantissa for 3674 is .56514 

and for 3673 it is .56490 

Difference for 1 unit, 84 points. 

Hence, the correction is .26 x 84 = 21.84, or 22 points, nearly. 

Adding this correction, we have for the required ii 
The characteristic is 5. Hence, 

log36732tt = 5.50512. 
NOTE- Whun the fractional part of a "point" is less tl 
lejetted, as in the first example in (d); while if ii is .5 or 
counted an ii whole point, n? in the aeconrl example. 
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The same tiling is doue iu compntiug tlie 
These mantissas, tlierefore, are odI; approximations, coirect wltliia 1 hun- 
dred thousandth. When the last figure of the inantisaa is written fj, it means 
that the correct value is slightly less than d. 

(e) So far ive have considered only integral numbers. Let 
the number whose logarithm is sought be a decimal fraction, 
or a whole' number plus a decimal. The characteristic is to 
be determined by inspection in accordance with Sec. 12. The 
position of the decimal point does not affect the mantissa. 
Hence, we may in any ease omit the decimal and find the 
mantissa, as in the case already explained. Thus, for 0.28 the 
mantissa is the same as for 28 and is found by (a) ; for 0.6834 
it is the same as for 6834, and is found by (c) ; for 3.8757 or 
0.38757 or 0.0038757 it is the same as for 38757, and is 
found by (d). 

For example, let it be required to find the logarithm of 
0.067374. 

The mantissa is the same as for 67374, and is found to be .82840. By 
See, 12 the chavao (eristic is 8 — 10. Hence, 

log n.067374 = 8,82849 - 10. 

EXERCISES 
ITind the loj^aritlims of the following numbers : 

1. 632. 2. 0320. 3. 0327. 

4. 6327.4. Arts. 3.80123. 

5. 8354-li. Am. 4.92X92. 

6. 2973fS4. Ans. 5.4732U. 



10. 0.0052883. ^ns. 7.72167 - 10. 

11. 0.43087. Ans. fi.0403ri - 10. 
13. 0,000780, 
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2, To find the number corresponding to a given logarithm,. 

The mantissa deteniiines the figures of the required number; 
the characteristic determines the position of the decimal point. 

(a) Let log X = 0.75785, 

The given niantiasa is found in the table (page 11) incohimn -'G" ; and 
in the same horizontal line, in column "N," are found the figures 572. 
Hence, the figures of the required numljer, without regard to the position 
of the decimal point, are 5276. Placing the decimal point in accordance 
with Sec. 12, we haTC 

Similarly, if log \ 



(b) Let log X = 7.45823 - 10. 

The next greater mantissa is .45831 

The next less mantissa is .45S18 ivliiah corresponds I 

Diflei-ence for 1 unit, 13 points. 



x = 


5.726. 


2.705(il, 


X = 507.7 ; 


8.61574 - 


- 10, i; = 0.04128. 



The giren mantissa exceeds .45818 by 5 poinW. Hence, 2872 must be 
increased hy ^j of a unit, giving 2872j-\, or 2872.3, nearly. Placing the 
decimal point in accordance with Sec. 12, we have 
3^ = 0.002872-'!. 



Find the numbers corresponding to the following logarithms. When 
interpolation is necessary, find the answer as far as^tw significant figures. 



1. 


1.26858. 




Ans. 


18.56. 


3. 


9.26858 - 


10. 


AnB. 


0.1866. 


3. 


1.26850- 




Alts. 


18.5567 


4. 


2.88672. 




Ans. 


768,63, 


e. 


0.66396. 




Ans. 


1612,8. 


6. 


7.61817 - 


10. 


Ans. 


0,0041512, 


7. 


6.83914 - 


10. 


Ans. 


0.00043565, 


8. 


3.46887. 




Ans. 


2942.2, 


9. 


8.31624, . 




Ana. 


0,02071.1, 
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10. 0.23501. Ans. 1.7203. 

11. 0,59784-10, Ans. 0,30093. 

12. 8.55673-10, Ann. 0.03G030, 



Table II gives tlie logarithms of the sines, cosines, tangents, 
and cotangents of angles from 0° to 90° at intervals of 1 ', except 
as indicated. If the angle is less than 90°, the nnmber of 
degrees it contains is to ba found at the top of the page, the 
number of minutes in the column for minutes on the left- 
hand side of the page, and the name of the function at the 
top ; if the angle is greater than 45°, the number of degrees is 
to be found at the bottom, the number of minutes on the right- 
hand column, and the name of the function at the bottom. 
The cliaracteristic is the number at the top or bottom of the 
column diminished by 10. The numbers at the top and bottom 
are usually the same and apply to all the mantissas in the 
column ; the only exceptions are found on pa^es 29 and 48. 
Here, the characteristics at the top of the column apply to all 
the mantissas above the bars drawn across the column, and the 
characteristics at the bottom to the mantissas below the bars. 

1. To Jind the logarithm of the sine, cosine, tangent, or 
ootanffent of a given angle. 

The use of the table will be understood from the following 
examples : 

(a) To find logarithm of the sine of 24° 27'. 

This is written log sin 24° 17', witlcli is sometimes read loijarithmic sine 
of 2^= IT. 

On page 38, 24° is found at the top; in the column "log sin," in tlie 
same horizontal line with 3T, we find 
teristic is 9 — 10. Henoe, 

log sin 24' 27' = 0,R1689 ~ 
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(b) To find log sin 24° 27' 13". 

As above, log sin 24' 27' = 9.6168S - 10 

log Bin 24= 28' = 9.61717-1') 

Difference for 1', or 60", aS points. 

The principle of proportional parts is aastimed to hold here also ; that 
is, it is assumed that if an angle tie increased by a small amount, the 
change in logarithm of each function of the angle will be proportional to 
the incre^e in the angle. 

Then if an increase of 1', or SO", produces a change of 28 points, 13" 
will produce a. change of Jf x 28 = 6 points, nearly. Since the sine 
increases as the angle increases, this correction of 6 points nmst he added 
to log sin. 24° 27', giving 

log Bin 24» 27' 13" = 0.61695 - 10. 

For sines and tangents, add Ihe correction, for these functions increase 
as the angle increases ; for cosines and cotangents, subtract the correc- 
tion, for these functions decrease as the angle increases. 

(c) To find log sin Cl° 19' 10". 

Here the angle is greater than 45°, and we find 01° on page 40 at the 
bottom ; and looking in the right-hand column for minutes, we find 
logsin61''19' = 9.94314-!0 
log sin 01° 20' = 0.94-^21 - 10 
Difference for 00", 7 points. 

The difference for 10" is accordingly JJ x 7 = 1 point, nearly. 
.-. log sin 01° 19' 10" = 9.04315 - :0, 

(d) To find log tan 73° 24' 8". 

log tan 73° 24' = 10.525R2 - 10 
log tan 73° 25' = 10.52608- 10 
Jlifterence for 60", 46 points. 

Difference for 8" is, therefore, ^j x 46 = points, nearly. Adding 
this correction, we have 

log tan 78° 34' 8" = 10.52568 - 10, 

(e) To find log coa 40° 32' 14". 

log cos 40° 32' = 0.88083 - 10 
log cos 40° S3' = 9. 88072 - 10 
Difference for 60", 11 points. 
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The difference for 14" is, therefore, JJ x 11 = 3 points, nearly. Sub- 
tracting tliis correction from log cos 40° 32', we liave 
logcos40° 32' 14" = e.88080 - 10. 

(f ) To find log cot 16° 40' 12". 

log cot 16° 40' = 10.52878 - 10 

log cot 16° -ll' == 10.62382-10 

DMereooe for 00", 4(3 points. 

The difference for 12" is, therefore, ^J x 48 = SI points, nuarly. tiuii- 

traoUng thia correction from log cot 10° 40", we have 

log cot 16° 40' 12" = 10.52300 - 10. 



EXERCISES 
Find the values of the following : 

1. log sin 32° 37' 21". Aas. 0.7.'J!07 - 10. 

2. log tan 36° 28' 14". Ans. 0.SO742 - 11). 

3. log cos 23= 12' 28". Am. 9,00836 - 10. 

4. logain63°U'. Anx. 0.05078-10, 

5. log sin 71° 23' 41". Ans. 0.07600-10. 

6. log cot 13° 18' 12". Ans. 10.02620-10. 

7. log cot 48° 42' 14". Ans. 10.94371 -10. 

8. log COB 73» 20- 83". Ans. 9.45353 - 10. 

9. log Bin 104° 26'. Ans. 9.97607-10. 

10. log tan 112° 32' 10", Aiis. 10,38200 - 10, 

11. log sin 81° 52' 43". Ans. 9.9H562 - 10, 

12. Iogcos47° 12' 48", ,4ns. 9.83205 - 10. 

2. To Jind the value of an angle when one of its logarithm 
functions is given. 

(a) Given log sin a: = 9.77473 - lO. 

The given mantissa is foniid in the table (pa^e 44) under 36°, hi colun 
"lossin " opposite -?2', 
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(b) Given log sin a: = !).7747S — 10, to iind the valueof x. 
The given mantissa is not found in the table, but it lies between. 77473 

and .77490. Hence, the required angle lies between 3G° 32' and 36" 83', 
tlie angles corresponding to these two mantissas, 
a, is ,77490 

.77473 which corresponds to 'iW 32', 
27 points. 

The given manUssa exceeds the next less mantissa by 5 points ; and 
as the addition of 27 points to the next leas mantissa increases the corre- 
sponding angle by 1', the addition of 5 points incrfaspsit by ^'^ x60-ll", 

"*'^''^' ,■.:!; = 36" 32' 11". 

(c) Given log tan x = 10.26171 - 10, to tind the value of x. 
Oil page 40, in column marked "log tan" al the bottom of tlie pagp, 

we find 

the next less mantissa to l)e .26183 which corresponds to fl]° 18', 

.BHISS 

30 poiutw. 
next less mantissa by H points. Henct, 
X 60 = 16". Adding this, we have 
.c = (il''18'ie", 

(d) Given log ic = y.UlSOl) — 10, to find tlie value of j-. 
The next greater mantissa is .04813 

The next less mantissa is .&4S06 which corresponds to 27° 2b'. 
Difference for 1', 7 points. 

The given mantissa exceeds the next less mantissa by 3 points. Hence, 
the correction is 4 x CO = 26", nearly. Subtracting this from 27° 28', 

-"■"• ,,=.«.2r:«-. 

(e) Given log eot w = 10.13280 - 10, to iind the value of a: 
The next greater mantissa is .I82S1 

The next less mantissa is .13284 which corresponds to 36° 28'. 

Difference for 1', 27 points. 

The given mantissa exceeds the next less mantissa by lli points. 
Hence, the correction is i4 x 60 = 36", nearly. Subtracting this from 
36° 23', we have _ 
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Determine the value of x in each of tbe following equatio. 
1. logsiEa; = 9.75515 -10. Ans. 31° 41'; 



2. logU 


inx = 9.71257 -10. 


Aas. 


27°17'31' 


3. logta 


ina;= 10.79771 -10. 


An.i. 


80= 5(i- 53' 


4. log si 


.n a = e.97527 - 10. 


Ans. 


70° 50' 48" 


5. log sill a: = 9.92939 -10. 


Ans. 


58" 12' 2.5" 


6. logo, 


MS = 9.82678 -10. 


Ak3. 


47° 50' 5G" 


7. logo, 


)a* = 9.82431 -10. 


Ans. 


48=- 8' 32". 


8. Iogo< 


DS a; = 0.58503 -10. 


Ans. 


67° 22' 48" 


9. logoi 


«a; = 10.33857-]0. 


Ans. 


24° 38' 9". 


10. logc< 


)la:=10.7(i478-10. 


Ans. 


9° 45' S". 


LI. logcc 


>t a; = 9.98060-10. 


Ans. 


40° IG' 4G" 


L2. logta 


.nji= 10.24009 -10. 


Ans. 


63° 5' 14". 




TABLE III 





Por certain functioua of angles near 0° or 90°, the assump- 
tion involved in the principle of proportional parts leads to 
errors too great to be neglected ; and for more accurate results 
Table III should be nsed. By this table we can determine 
more accurately than by Table II, 

1. log sin, log tan, log cot, for angles between 0° and 2° ; 

2. log cos, log tan, log cot, for angles between 88° and 90°; 

3. the angle from the logarithinic functions in the corre- 
sponding cases. 

The numbers S and T are calculated to satisfy the relations 

log sin x^logx + S, 

log tan a; = log a; + T, 
X being expressed in seconds ; it being understood also that 
— 10 is to be written after each of the numbers in the columns 
" S" and " 7V" 
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EXAMPLES 

i. Xo find log sin 1^ 13' 20". 

1° 13' 26" = 4406", 
By referring to the column headed "»"," the number 4406 is found to 
ie between 4190 and 4840, and the corresponding number in the ooliimn 
■ S " is 4.li8554, "We have, therefore, 

log 4406 = 3.64404 

5 = 4.685h4-10 
.-. log sin 1° 13' 26" - 8,a2958 -- 10 

2. To find log tan 1=33' 14". 

P S3' 14" = 6594" 



.-. log tan 1° 33' 14" = 8.43340 - 10 
3. To find log cot 88° 26' 4G". 

The cotangent of an angle equals tlie tangeni of iLs complement, 
log cot 88° 26' 46" = log tan V 33' 14" = 8.43340 - 10, by Example 2. 
'i. To find log COS 88° 31' 28". 

log COS 88° 31' 28" = log sin 1° 28' 32", 
which may be found as in Example 1. 

5. To find log tan 88° 26' 46". 

tan 88° 26' 46" = cot 1" 33' 14" = ^^T" 7.' 

■ ■, !ogtan88^2(i'46" = logl-logtanr33'14" 

= 10 - 10 - log tan 1° 33' 14". 
10 -10 

By Esample 2, log taa 1° 33' 14" = 8.43340 - 1 
By subtraction, log tan 88'^ 26' 46" = 1.56060 

6. To find log cot 88° 26' 46". 

log cot 88° 26' 46" - log tan 1° 33' 14" = 8.433411 - 10. 
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Al'I'KNillX 



Determine x 


from each of the following equations : 


7. log sin X 


= 8.38426 - 


10. 






logX: 


= logsinE-fi. 




log sin a: 


= 8.3812G - 10 
= 4.68553 - I'l 




]osx: 


= 3.09873 




X- 


= 40(l7".2 = l'>23']7-'.2. 


S. Log tan x = 1.63283. 




Let ^ be the c 


omplement of '. 


t. From the first of the above formulas, 


gj/ = logtantf 


^ r. 




logUi 


a>/ = logcotj- 


= log(^~^) = ]0-10-logt^nx, 
la - 10 




log lau X 


= 1.63283 




log tan !/ 


= 8.38717-10 




r 


= 4.68565-10 




log?/ 


= 3.68152 




2/ 


= 4803".l = l°20'3'-.l. 




90° - !/ 


■.= j; = 88''.W5(i".3. 



EXERCISES 
Find the values of the following : 

1. log sin 1° ar 18", -liis. 8.42887 - 10 

2. log tan 1= 2' 13". -Ans. 8.26768 - 10 

3. log cot 89° 3' 12". Ans. 8.21814 - 10 

4. log COS 88= 42' 15'-. Ans. 8.35439 - 10 

5. log tan 88° 87' 25". Ana. 1.61930 

6. log cot 88" 32' 8". Ans. 8.431M - 10 
Determine x from each of the following equations : 

7. log sin ,11 = 8.16872 - ID. An». 1° 41' 10".:;. 

8. logtana; = 8.36423 - 10. Am. 1" W 30".7. 

9. logcotj; = 1.7132e-10. Am. P6'31".3. 

10. log COS » = S. 42126 — 10. First find ^, the complement o(^. 
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APPENDIX 



TABLE IV 



This table gives, to four places of decimals, tlic sines, 
cosines, tangents, and. cotangents of angles from 0° to 90° 
at intervals of 1'. The principle of proportional parts is 
in tlip case of thp. logarithmic functions. 



1. To find sm 62° 13' 28". 

sin 62" 13' = 0.8847 
Bin 6H° 14' = 0.8849 
Difference for 1', 2 points. 

,-. difference for 28" = |f x 2 = 1 point, iiPuvly. 

Adding this correction to sin 62" 13', we have 
sin 62" 13' 28" = 0.8848. 

2. Given cot. 1 =1.S473, to find .1. 

1.8473 lies between 1.8469 which corresponds to 28° ^H', 
and 1.8482 which, corresponds to 28° 2fi'. 

Difference for I', 13 points. 

1.8473 exceeds 1.8463 by 4 points. Therefore, the angle 2B° 26 
be diminished by Jj x 60" = 18", neaily. 

.-. A == 28= 2iV 42". 

EXERCISES 
rind tlie values of the followina : 

1. sin 36= 12' 38". 4. cot 33° 14' 50", 

2. cos42=18'15", 5. cos 48= 37' 18", 

3. tan 62° IS" 24". 

Determine A from each of the following equations : 

6. sin A = 0.4882. 8- cos A = 0.8423. 

7. tan yl =2.2963. 9, Ml. A =1,1343, 
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160 APPENDIX 

10. rrom the reatilta of Esei-cises 1 to 5 find, by use of TaWe I, the 
corresponding logarithmic functions of the given angles ; find the same 
by use of Table II, and compare resulta. Thus, iu Example 1, we find 
sin 36" 12' 38" = 0.5907. 
By TaWe I, logO.5707 = 0.77137 - 10. 

.-. log sin 36" 13' 38" = 0.77137 - 10. 
By Table II, we find 

logsin 36' 12' S8" = 0.77141- 10; 
the discrepancy of 4 points being due to the fact that in Table IV the 
results are given only to four places, while in Table II they aie given to 
five places. 

11. Given log sin A = 0,76574 - 10, to find sin A by Table I. 

/Ins. 0,5831. 

12. Given logoos.Hl = 9.83264 - 10, to find cos A. Ans. 0,6802. 

13. Glvenlogtan.4 = 0,97804, to find tan/1. Ans. 0.507, 

14. Given Iogsin4 = 0,n9573 -10. to find A without vising Table 11. 

Ans. 23= 13'. 



The following tables are reproduced, by permiaaion, from 
electrotypes from Wentworth and Hill's Five Place Logar 
rithm.ic and Trigonoraetrio Tables. 
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TABLR 1 










COMMOX OR BlilGGS LOGAKITHilS 






Is^ A T IJ E A L :N "L^ iAI B E T^ S 










F 


roiii 1 to 10(W0. 














1-100 










N log 


N 


log 


N log 


N 


log 


N 


log 


1 0. ooooo 


31 


1.32 222 


41 1.6127S 


ei 1 


78 533 


81 


.90849 


Z 0.30103 


22 


1.34 242 


42 1, 62 32J 


62 1 


79239 


82 


I. 91 381 


3 0.47 712 


23 


1. 36 173 


43 1.63 347 


63 1 


79934 


S3 


.91908 


+ 0.60 206 


24 


1.38021 


44 1.64345 


64 1 


80618 


84 


.92 428 


S 0. 69 897 


23 


1. 39 794 


45 1,65 321 


65 I 


81291 


8S 


.92942 


6 0. 77815 


2e 


1.41497 


46 1.66 276 


ee 1 


81954 


86 


. 93 450 


7 0. 84 510 


27 


1. 43 136 


47 1. 67 210 


67 1 


82 60? 


87 


. 93 952 


3 0.90309 


28 


1. 44 716 


48 1. 68 124 


68 1 


S3 251 


88 


. 94 448 


9 0.95 424 


29 


1.46 240 


49 i. 69 020 


69 1 


83 885 


89 


. 94 939 


10 1.00000 


30 


1.47 712 


SO 1.69897 


70 1 


84 510 


90 


1. 95 424 


11 1.04139 


31 


1.49136 


51 1.70 757 


71 1 


85 126 


91 


.95 904 


12 1.07913 


32 


1.50515 


52 1. 71 600 


72 1 


85 733 


92 


.96379 


13 1.11394 


33 


1. 51 S51 


SI 1.72 42S 


73 1 


86332 


93 


.96848 


14 1.14613 


34 


1. 53 14S 


54 1. 73 239 


74 1 


86923 


94 


1.97 313 


B 1.17 609 


35 


1. 54 407 


55 1.74 0.36 


75 1 


87 506 


95 


. 97 772 


lO 1.20412 


36 


1. 55 630 


50 1.74 819 


7« 1 


88 081 


»e 


.98227 


17 1.23 04J 


37 


. 56 820 


57 1. 75 587 


77 1 


88 649 


97 


i.9S677 


18 1. 2SS27 


38 


1.57978 


58 1.76343 


78 1 


89 209 


98 


1.99123 


19 1.27875 


39 


1. ,59 106 


59 1,77085 


79 1 


89 763 


99 


1.99 564 


20 1. 30 103 


40 


1.60 206 


60 1.77 815 


80 1 


90 309 


100 


2,00000 


N log 


N 


los 


N log 


N 


... 


N 


log 



1-100 
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2 


100-160 


s 


12 3 4 


5 6 7 8 9 


lOO 


00000 00043 0OOS7 00130 00173 


00217 00260 00303 00346 00389 


101 


00432 00 475 00518 00 561 00604 


00647 00 689 00 732 00 77i 00 817 


102 


OOS60 00903 00945 00988 01030 


01 072 01 115 01 157 01 199 01 242 


103 


01284 01325 01368 01410 01452 


01494 01536 01578 01620 01662 


10+ 


01 703 01 745 01 787 01 828 01 870 


01912 01953 01995 02036 02 078 


105 


02119 02160 02 202 02243 02 284 


02 325 02 366 02407 02449 02490 


106 


02 531 02 572 02612 026S3 02694 


02 735 02 776 02 816 02 857 02 898 


107 


02938 02979 03 019 03 060 03100 


03141 03181 03 222 03 252 03302 


lOS 


03 342 03 383 03 423 03 463 03 503 


03 543 03 583 03 623 03663 03 703 


109 


03 743 03 782 03S22 03 862 03902 


03941 03981 04021 04060 04100 


110 


0+139 04179 04 218 04 258 04 297 


04 336 04376 04415 04 454 04493 


111 


04 532 04S71 04 610 046^0 04 6S9 


04 727 04 766 0480S 04844 04883 


112 


04922 04 %1 04 999 05 038 05 077 


05 lis 05 154 05 192 05 231 OS 269 


113 


05 308 05 346 05 38i 05 423 05 461 


05 500 05 538 05 576 05 614 05 652 


114 


05 690 05 729 05 767 05 805 05 843 


05 881 05 918 05 956 05 994 06032 


115 


06070 0610S 05145 06183 06 221 


06258 05296 06333 05371 06408 


116 


06446 06483 06521 06558 06595 


06633 06670 06 707 06 744 06 781 


117 


05819 06856 06 893 05930 06967 


07004 07 041 07 078 07115 07151 


118 


07188 07 225 07 262 07 298 07335 


07 372 07408 07445 07482 07 518 


119 


07 555 07 591 07 628 07 664 07 700 


07 737 07 773 07 809 07 846 07 882 


130 


07918 07954 07990 08027 08063 


OS 099 08135 08171 08 207 08243 


121 


08 279 08 314 08 350 08386 08422 


084SS 08493 08 529 08 565 08600 


122 


08 636 08672 08 707 08 743 08 778 


08814 088+9 08S84 08920 OS955 


123 


08991 09026 09061 090% 09132 


09167 09202 09 237 09272 09307 


124 


09342 09377 09412 09447 09482 


09517 09552 09587 09621 09656 


125 


09 691 09 726 09 760 09 795 09 830 


09864 09899 09934 09968 10003 


126 


10037 10072 10106 10140 I017i 


10209 10243 10278 10312 10346 


127 


10380 1041S 10449 10483 10 517 


10551 10 585 10619 10653 10687 


128 


10721 10755 10789 10823 10857 


10890 10924 1095S 10992 11 025 


129 


11059 11093 11125 11160 11193 


11227 11261 11294 11327 11351 


130 


11394 11428 11461 11494 11528 


11561 11594 11628 11661 11694 


131 


11727 11760 11793 11826 11860 


11893 11926 11959 11992 12 024 


132 


12057 12 090 12123 12156 12 189 


12 222 12 254 12287 12 320 12 352 


133 


12385 12 418 12 450 12 483 12S16 


12S48 12 581 12 613 12646 12678 


134 


12 710 12 743 12 775 12808 12 840 


12 872 12905 12 937 12969 13001 


135 


13033 13066 13098 13130 13162 


13194 13 226 13 258 13 290 13 322 


136 


13 354 13 385 13418 13450 13 481 


13 513 13 545 13 577 13609 13 640 


137 


13 672 13 704 13 735 13 767 13 799 


13 830 13 862 13 893 13 925 13 956 


138 


13988 14019 14051 140S2 14114 


14 145 14176 14208 14239 14270 


139 


14 301 14333 14 364 14 395 14 426 


14457 14489 14 520 14551 14582 


140 


14613 14644 14675 14 706 14 737 


14 76S 14 799 14829 14860 14S91 


141 


14922 14953 14 983 15 014 15 045 


15 076 15 106 15 137 15 168 15 198 


142 


15 229 15 259 15 290 15 320 15 351 


15 381 15 412 15 442 15 473 15 503 


143 


15 534 15 564 15 594 15 625 15 655 


15 685 15 715 IS 746 15 776 IS 806 


144 


15 836 15 866 13 897 IS 927 15 957 


15 987 16017 16047 16077 16107 


145 


16137 16167 ]6197 16227 16256 


16236 16316 16346 16376 16406 


146 


16435 16465 16495 16 524 16 554 


16 584 16613 16 643 16673 16702 


147 


16 732 16 761 16 791 16 820 16850 


16879 16909 16938 16967 16997 


148 


17026 17056 17 OSS 17114 17143 


17173 17 202 17 231 17 260 17 289 


149 


17 319 17 348 17 377 17 406 17435 


17464 17493 17 522 17 551 17580 


150 


17 609 17 638 17667 17 696 17 725 


17754 177S2 17811 17840 17869 


N 


O 1 3 3 4 


5 6 7 8 9 



100-150 
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150-200 



N 




17 609 


1 

17 6,13 


2 
17667 


3 

17 696 


4 

17 725 


5 

17 75+ 


6 

17 7S2 


T 

17 SU 


8 9 

17S+0 17S69 


150 


151 


17S98 


17 926 


17 955 


17984 


18013 


IS 041 


18 070 


13 099 


18127 IS 156 


152 


IS 184 


18 213 


13241 


18 270 


IS 298 


18 327 


18 355 


18384 


18412 18441 


153 


18469 


1S49S 


18526 


18 534 


18 583 


13 611 


13 639 


18667 


18696 18 724 


154 


IS 752 


18 780 


18803 


18837 


18865 


18893 


18921 


IS 949 


18977 19005 


155 


19033 


19061 


19039 


19117 


19145 


19173 


19 201 


19 229 


19 257 19285 


156 


19312 


19340 


19 368 


19396 


19424 


19 451 


19479 


19 507 


19 535 19562 


157 


19 590 


19613 


19645 


19673 


19 700 


19 723 


19 756 


19 733 


19811 19838 


15S 


19 866 


19893 


19921 


19948 


19976 


20003 


20030 


20058 


20085 20112 


1S9 


20140 


20167 


20194 


20222 


20 249 


20 276 


20303 


20330 


20358 2038i 


leo 


20412 


20439 


20466 


20493 


20 320 


20 548 


20 575 


20602 


20 629 20656 


161 


206S3 


20 710 


20 737 


20 763 


20 790 


20S17 


20344 


20871 


20898 20925 


162 


20952 


20978 


21005 


21032 


21059 


21085 


21112 


21139 


21165 21192 


163 


21219 


21245 


21272 


21299 


21325 


21352 


21378 


21403 


21431 21458 


16+ 


21484 


21511 


21537 


21564 


21390 


21617 


21643 


21669 


21696 21722 


165 


21748 2177i 


21 SOI 


21327 


21854 


21880 


21905 


21932 


2195S 21985 


166 


22 011 


22037 


22063 


22 089 


22115 


22141 


22167 


22194 


22 220 22 246 


167 


22 272 


22 298 


22 324 


22330 


22 376 


22401 


22 427 


22 453 


22 479 22 505 


16S 


22 531 


22 557 


22 533 


22 608 


22 634 


22 660 


22686 


22 712 


22 737 22 763 


169 


22 789 


22 814 


22 840 


22866 


22891 


22 917 


22 943 


22968 


22994 23 019 


170 


23045 


23070 


23096 


23121 


23147 


23172 


23198 


23 223 


23 249 23 274 


171 


33 30O 


23 325 


23 350 


23 376 


23 401 


23426 


23 432 


23477 


23 502 23 528 


172 


23 553 


23 578 


23603 


23 629 


23 654 


23 679 


23 704 


23 729 


23 754 23 779 


173 


23 805 


23 830 


23 855 


23 880 


23 905 


23 930 


23 935 


23930 


24 005 24030 


174 


24055 24080 


2410i 


24130 


24155 


24180 


24 204 


24229 


24 234 24 279 


173 


24304 


24329 


24353 


24 378 


24403 


24 428 


24 452 


24477 


24302 24 527 


176 


24551 


24 576 


24601 


24623 


24 650 


24 67+ 


24 699 


24724 


24 74S 24 773 


177 


24 797 


24 822 


24 846 


24 371 


24 895 


24920 


24944 


24 969 


24993 25 018 


178 


25 042 


25 066 


25 09! 


25115 


25139 


25 164 


2518S 


23 212 


23 237 25 261 


179 


25 28S 


2S310 


25 334 


25 358 


25 382 


23 406 


23 431 


25 455 


25 479 25 503 


180 


25 527 


25 551 


25 575 


25 600 


25624 


23 648 


25 672 


25 6% 


23 720 23 744 


18i 


25 768 


25 792 


25 816 


25 840 


25 364 


25 888 


23 912 


25 935 


25 959 25 983 


182 


26007 


26031 


26035 


26079 


26102 


26126 


26150 


26174 


26198 26221 


183 


26245 


26269 


26293 


26316 


26 340 


26364 


26387 


26411 


26 433 26438 


184 


26482 


26505 


26529 


26 553 


26576 


26600 


26623 


26647 


26670 26694 


185 


26717 


26 741 


26 764 


26 78S 


26811 


26834 


26853 


26 381 


26905 26928 


186 


26951 


26975 


26998 


27021 


27 045 


27 068 


27 091 


27114 


27138 27161 


187 


27134 


27 207 


27 231 


27 254 


27 277 


27 300 


27 323 


27346 


27370 27 393 


188 


27416 


27 439 


27 462 


27 485 


27 308 


27 531 


27 334 


27 577 


27 600 27623 


189 


27646 


27669 


27692 


27 715 


27 738 


27 761 


27 784 


27 807 


27 830 27S52 


190 


27875 


27 89S 


27 921 


27 944 


27 %7 


27 989 


28012 


23035 


28038 28081 


191 


2S103 


28126 


23149 


28171 


2SJ94 


28 217 


23 240 


28 262 


28235 28307 


192 


23330 


28 353 


28373 


28 398 


28 421 


28443 


28466 


28 4SS 


28511 28 533 


193 


28SS6 


28 578 


28 601 


28623 


23646 


28668 


28 691 


28 713 


28 735 28 758 


194 


23780 


28803 


28 825 


28847 


28 870 


23 892 


28 914 


28937 


28959 28981 


195 


29003 


29026 


29048 


29070 


29 092 


29113 


29137 


29159 


29181 29203 


1% 


29 226 


29248 


29 270 


29 292 


29 314 


29 336 


29358 


29380 


29 403 29423 


197 


29447 


29469 


29491 


29513 


29535 


29537 


29579 


29601 


29623 29645 


198 


29667 


29638 


29 710 


29732 


29 734 


29 776 


29798 


29 820 


29 842 29863 


199- 


29885 


29907 


29929 


29 951 


29973 


29994 


30016 


30038 


30060 30081 


200 


30103 



3012S 

1 


30146 

a 


30168 


30190 


30 211 
5 


30 233 

e 


30 255 
7 


30276 30 298 
~S 9 


S" 



150-200 
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200-250 



s 


O 


1 


3 


3 


4 


5 


6 


7 


8 


9 


3O0 


30103 


30125 


30 146 


30 163 


30190 


30 211 


30233 


30 255 


30275 


30 298 


201 


30320 


30341 


30363 


3038+ 


30406 


30428 


30+49 


30471 


30 492 


30 514 


202 


30S3S 


30 557 


30 578 


30600 


30621 


306+3 


30664 


30685 


30707 


30 728 


203 


30 7S0 


30 771 


30 792 


3081+ 


30835 


30 856 


30878 


30 899 


30920 


309+2 


20+ 


30 963 


3098+ 


31006 


31027 


31048 


31069 


31091 


31112 


31133 


31 15+ 


205 


3117S 


31197 


31213 


31239 


31260 


31281 


31302 


31323 


31345 


31365 


206 


31387 




31+29 


314i0 31471 


31+92 


31513 


31534 


31555 


31576 


207 


31597 


31618 


31639 


31660 


31 651 


31702 


31723 


31744 


31765 


31 785 


208 


31806 


31827 


31S48 


31869 


31890 


31911 


31931 


31 952 


31973 


31994 


209 


32 01J 


32035 


32 056 


32 077 


33 093 


32118 


32139 


32160 


32181 


32 201 


aio 


32 222 


32 243 


32263 


3228+ 


33305 


32335 


33346 


33366 


32387 


32+03 


211 


32+28 


32449 


32 469 


33490 


32510 


32 531 


33 552 


32 572 


33 593 


32 613 


212 


32 634 


32 654 


3267i 


32 695 


33 715 


32 736 


32 756 


32 777 


32 797 


32 818 


213 


32 838 


32858 


32 879 




32 919 


329+0 


32960 


32 980 


33 001 


33 021 


214 


33041 


33062 


33082 


33102 


33122 


33 143 


33163 


33 1S3 


33 303 


33 224 


215 


33 24+ 


33 26+ 


33 284 


33304 


33 325 


33345 


33 365 


33 385 


33 405 


33425 


216 


33 445 


33 465 


33 486 


33 506 


33 526 


33 545 


33 566 


33 586 


33 605 


33 626 


21? 


33 646 


33 666 
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